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This dissertation introduces a general, predictive and cost-efficient reduced-order modeling
(ROM) technique for characterization of flame response under acoustic modulation. The model is
built upon the kinematic flame model–G-equation to describe the flame topology and dynamics,
and the novelties of the ROM lie in i) a procedure to create the compatible base flow that can
reproduce the correct flame geometry and ii) the use of a physically-consistent acoustic modulation
field for the characterization of flame response. This ROM addresses the significant limitations
of the classical kinematic model, which is only applicable to simple flame configurations and
relies on ad-hoc models for the modulation field. The ROM is validated by considering the
acoustically-excited premixed methane/air flames in conical and M-shape configurations. To test
the model availability to practical burners, a confined flame configuration is also employed for
model evaluation. Furthermore, to investigate the generality of the ROM to the burner flame, the
performance of the ROM with respect to the V-shape and the swirled V-shape is investigated. The
model accuracy is evaluated concerning flame geometrical features and flame describing function,

and assessed by comparing the ROM results with both experimental measurements and directnumerical-simulation results. It is found that the flame describing/transfer functions predicted by
the ROM compare well with reference data, and are more accurate than those obtained from the
conventional kinematic model built upon heuristically-presumed modulation fields.

Key words: G-equation, Combustion, Linear analysis, Flame describing function, Acoustic
modulation, Reduced-order model, Direct numerical simulations
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Hz and perturbation amplitude û/u0 = 10%. . . . . . . . . . . . . . . . . . . . . . 109
Instantaneous snapshots of acoustically-modulated unconfined V-shaped flame at
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CHAPTER I
INTRODUCTION

1.1

Motivation
Lean premixed combustion technique has become more popular nowadays. It offers better

combustion efficiency and lower NO x emission by enhancing the fuel/air mixing and reducing
the flame temperature. However, with the development of the lean premixed combustion devices,
thermoacoustic instability appears to be a more pronounced issue [5, 55, 45, 53], limiting the
development of this type of combustion systems.
Thermoacoustic instability not only exists in gas turbines, but also in liquid rockets, solid
rockets, ramjets, and after-burners. As early as during World War II, with the development of large
intercontinental ballistic missile (ICBMs), thermoacoustic instability began to appear in liquid
rocket engines [32]. Afterwards, during 1960, due to the Apollo project characterized by large
load capacity requirements, the development of a rocket engine with a more powerful thrust-toweight ratio was put on the agenda. With the increasing thrust-to-weight ratio, the phenomenon
of thermoacoustic instability of rocket engines becomes more significant. Therefore, to ensure the
reliability of the engine while increasing the thrust-to-weight ratio, Crocco [6] and Rogers et al.
[46] used theoretical and experimental methods to investigate the mechanism of thermoacoustic
instability. Subsequently, HS Tsien [58] applied control theory to manipulate the thermoacoustic
instability in the combustion system. Once the thermoacoustic instability occurs in the combustion
1

system, it will not only reduce the service life of the combustion system but also cause damage to
the combustion system.
This dissertation focuses on the reduced-order modeling (ROM) of the thermoacoustic interaction and predicts the flame dynamics in the combustion chamber as well as the variance of
flame heat release rate. As Lord Rayleigh [44] pointed out, combustion instability can be caused
by the interaction between the acoustics in the combustion system and the heat released by the
flame. Therefore, it is desirable to investigate the thermoacoustic interaction to avoid combustion
instability. State of the art methods currently employs experimental, numerical, and simple theoretical models to study the flame-acoustic interaction. For numerical methods, direct numerical
simulation (DNS) and large eddy simulation (LES) can predict the combustion instability in the
combustion chamber with high accuracy, but the huge demand for computing power for highfidelity numerical simulation limits the applicability of DNS and LES. Additionally, theoretical
models can quickly provide prediction results but the accuracy is limited and can only be suitable
for straightforward combustor configurations. For the fast and high-precision characterization of
flame-acoustic interaction in realistic systems, a general, predictive and cost-efficient ROM technique for characterization of flame response under flow modulation was established in the current
work.
The rest of the chapter is structured as follows. In section 1.2 the thermo-acoustic instability
problem will first be reviewed in more detail. Then, the outline for this dissertation will be given.
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1.2

Thermo-acoustic instabilities: literature review
The thermoacoustic phenomenon was first discovered by Higgins in 1777. In the experiment,

he discovered that hydrogen/air flames can excite sound in glass tubes that are open at both ends.
This phenomenon is also called "singing flame". Then, in 1859, Rijke improved the Higgins
experiment and developed the new experimental device-Rijke tube. Due to its simple structure and
obvious "singing flame" phenomenon, then Rijke tube is extensively used to study thermoacoustic
instability. Afterwards, in 1878, Lord Rayleigh [44] obtained the famous Rayleigh criterion through
mathematical derivation from the perspective of the interaction between flame heat release and
sound pressure, which is adopted to determine whether thermoacoustic instability will occur in the
combustion system. The Rayleigh criterion can be expressed by the following inequality:
∫
0

τ

∫

V

p (X, t) q (X, t) dvdt >
0

0

0

∫

τ

∫

V

Φ (X, t) dvdt,
0

(1.1)

0

where p0 (X, t) represents the pressure disturbance in the combustion system, and q0 (X, t) represents
the flame heat release disturbance; τ, V and Φ (X, t) correspond to the period of fluctuation, the
volume of the combustion system, and wave energy dissipation, respectively.
Rayleigh criterion pointed out that when the above inequality holds, the thermoacoustic instability will occur. In the Rayleigh criterion, the left-hand side of the inequality signifies the energy
provided by the unstable heat release in a period for the pressure oscillation and the right-hand
side represents the energy dissipated due to the acoustic wave oscillation in a period. Assume that
q0 (X, t) and p0 (X, t) on the left side of the inequality are both periodic functions, and the energy
dissipation of acoustic oscillation in the combustion chamber is zero. Therefore, when q0 (X, t)
and p0 (X, t) remain in phase, the integral on the left side of the inequality is always positive, and
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thermoacoustic instability will appear in the combustion system. On the contrary, when q0 (X, t)
and p0 (X, t) are out of phase, the integral on the left side of the inequality is always negative.
Therefore, Rayleigh’s inequality does not hold, and the combustion system will be in the stable
state.
Based on the above analysis, the physical meaning of the Rayleigh criterion can be concluded
as follow. If the unstable heat release oscillation is in phase with the pressure oscillation, the energy
dissipation caused by the acoustic oscillation in the combustion system is much smaller than the
energy provided by the unstable heat release; the internal energy of the combustion system will be
continuously converted into mechanical energy. Therefore, the amplitude of the acoustic wave will
continue to increase and lead to thermoacoustic instability.

1.2.1

Thermo-acoustic instabilities

A variety of thermal-acoustic instability mechanisms have been identified. Crocco et al. [7]
found that when unstable combustion occurs in the combustor, the continuously increasing pressure
oscillation in the combustor is caused by the reflection of acoustic waves at the inlet and outlet of the
combustor. When the acoustic waves excited by unstable combustion are reflected by the inlet and
outlet, the two reflected waves meet in the combustor. Once the two reflected waves are in phase,
the acoustic resonance will occur, causing the pressure oscillation amplitude in the combustion
chamber to gradually increase. Culick et al. [8] found that the pressure disturbance produced by
acoustic waves has negligible influence on the flame, and the main influence on the flame is the
velocity disturbance produced by the acoustic waves. When the flame in the burner is disturbed by
velocity, the flame will keep swinging in the combustion chamber to produce unstable heat release,
4

and it is coupled with the acoustic resonance to further increase the pressure oscillation amplitude.
Subsequently, Lieuwen et al. [31] further pointed out that the reflection of sound waves at the
inlet and outlet of the combustion chamber will not only amplify the pressure oscillations in the
combustion chamber through acoustic resonance, but also affect the mixing of the fuel and change
the inlet equivalence ratio. The change of inlet equivalence ratio makes the flame produce unstable
heat release.

Figure 1.1

Basic Mechanism of Thermal-Acoustic Instability.

The coupling mechanism in Figure 1.1 is the main cause of thermoacoustic instability, widely
appearing in a variety of combustors. With the deepening of the research, the more detailed
mechanism of thermal-acoustic instability has been exposed by the researchers. Swaminathan et
5

al. [56] pointed out that the initial heat disturbance was not only caused by acoustic fluctuations.
In fact, thermal diffusion, thermal-acoustic, and hydrodynamic effects are all involved in the
thermal-acoustic instability. When the density of the flow field changed by flame or the flame
surface is stretched by the flow field, the flame surface curvature will trigger Darrieus-Landau
(DL) instability.
With the appearance of DL instability, the thermal diffusion rate of the fuel mixture will
decrease. In this case, the lower thermal diffusion rate causes the local flame speed to decrease,
which leads the flame surface to deform, and when the flame surface changes, the flow field is also
disturbed, which again causes DL instability and forms a feedback loop. The thermal expansion
effect produced by the heat release of the flame makes the density at downstream far less than
the density of the unburned. Therefore, when the acoustic wave passes through the flame surface
from the downstream, the light burned out gas will accelerate the denser unburned gas, resulting
in Rayleigh-Taylor (RT) instability. Subsequently, under the influence of the RT instability, the
pressure difference between the downstream and the upstream of the flame is caused and acoustic
waves are excited. When the excited acoustic wave is reflected by the wall and returns to the flame
surface, it will directly cause the flame surface to deform, again causing the RT instability and
forming a continuous flame oscillation.
Accompanied by the generation of sound waves, the downstream and upstream flow field of
the flame will also be disturbed by acoustic pressure to produce RT hydrodynamic instability.
The RT instability can indirectly cause deformation of the flame surface through DL instability,
resulting in unstable heat release. Obviously, thermoacoustic instability process has a variety
of nonlinear coupling such as thermal acoustic interaction and flame-flow field interaction. The
6

thermal-acoustic interaction can generate flame-flow field interaction, and also can be produced by
the flame-flow field interaction.
The thermoacoustic instability is an extremely complex subject, and for many years, researchers
have begun to study this phenomenon from different perspectives and using multiple methods.
These methods can be roughly divided into three categories including experimental methods,
computational fluid dynamics (CFD) and reduced-order model (ROM). Next, we will start with
these three types of methods and outline the progress and efforts made in thermoacoustic research
in recent years.
According to the Rayleigh criterion no matter which coupling mechanism triggers thermoacoustic instability, the flame-acoustic interaction always plays a vital role and needs to be studied
in order to assess their impact. The heat release rate disturbance and the flame dynamics response
to the flow modulation should be investigated. In the following section, the research methods for
characterizing flame response under flow modulation will be discussed.

1.2.2

The Flame Response Function

With the development of control theory, researchers have gradually realized that by predicting
and controlling the response of flame dynamics to flow modulation, a response function is needed to
describe the response of the flame to incoming disturbances with the aim to complete the feedback
control of thermoacoustic combustion instability [16]. In order to characterize the response of
flame dynamics to flow modulation, two different flame response functions have been proposed for
modeling the flame response. The first flame response function refers to the flame transfer function
(FTF). The FTF is a linear response function, which is only depends on frequency. Through the
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FTF, the heat release disturbance of the flame can be obtained by the velocity disturbance upstream
of the flame. For a perfectly premixed combustion systems, the FTF can be expressed as:
F (ω) =

Q̂(ω)/Q0
,
û(ω)/u0

(1.2)

where Q̂(ω) is the volumetric heat release rate fluctuation, and Q0 is the heat release by the flame
at steady state, û(ω) and u0 represent the velocity perturbation amplitude and mean velocity and
ω signifies the frequency. In low order thermo-acoustic network models, the FTF can be used to
represent the flame response to determine the stable operation range of a combustion system. This
application provides great practical significance, and thus it has been extensively studied. The
alternative and more general flame response function is flame describing function (FDF) originally
introduced by Dowling [12]. In the FDF, the flame response not only depends on the frequency
but also on the velocity perturbation amplitude:
F (ω, | û|) =

Q̂(ω, | û|)/Q0
,
û(ω)/u0

(1.3)

Additionally, a large number of experimental studies have shown that the heat release rate
response of the flame is nonlinearly related to the velocity disturbance. Therefore, the nonlinear
FDF which depend on perturbation frequency and amplitude can better reproduce the real flame
heat release response than the only frequency depended FTF. In addition, the FDF can capture
the nonlinear phenomena that the FTF cannot predict, such as the limit cycle. Therefore, this
dissertation mainly focuses on predicting the FDF.

1.2.3

Modeling strategies of thermo-acoustic instabilities

In order to predict the stable operating state of the gas turbine combustor in the design phase,
one needs to simulate the response of the gas turbine combustor to different fluctuations, such
8

as inflow velocity disturbance and equivalence ratio variation. Currently, the most widely used
method is the acoustic network modeling method, which can predict the combustion stability in the
combustor by predicting the pressure response to the inlet disturbance. The acoustic network model
can usually be divided into three parts: the injection model, the flame response function, and the
exit model. Among them, the injection model, as well as the exit model, have been well established,
but there are still a lot of questions about how to build the flame response function accurately and
quickly. Currently, the flame response function is mainly obtained through experiments, numerical
simulations and theoretical formulation. The numerical simulation methods can be divided into two
categories. One is using methods such as DNS or LES to simulate the thermoacoustic interaction
in the combustion chamber and then obtain the flame response function by postprocessing the
simulation results. Another numerical simulation method is to predict the flame response by
adopting a reduced-order model of flame-acoustic interaction based on flame kinematics. The last
method is based on theoretical models or empirical formulas obtained by fitting experimental data.
To better construct and verify the current flame response function, and to provide more abundant
data for building the empirical formula of the analytical flame response function, Durox et al.
[16, 14, 15], Palies et al. [38, 39], and Cuquel et al. [9] used experimental methods to measure
the flame response functions of conical flame, V-shape flame, M-shape flame, swirl flame, and
confined conical flame in detail.
In experiments conducted by Durox et al. [16, 14, 15], the flame describing functions of conical
flame, V-shape flame, and M-shape flame were measured. For conical flame, they observed that
the flame front began to wrinkle under the velocity disturbance, and wrinkle number increased with
the increasing disturbance frequency. In addition, they also found that the heat release response
9

of the conical flame to the velocity disturbance at low frequency is independent of the disturbance
amplitude. However, as the frequency increases, the heat release response of the conical flame
has a different response to the different velocity disturbance amplitude, and the conical flame
has a stronger response to the weaker velocity disturbance amplitude. This reveals that the
heat release response of the conical flame gradually becomes nonlinear with the increase of the
disturbance frequency. By analyzing flame dynamics behavior, they determined that the nonlinear
behavior of the heat release response of the conical flame was caused by the curvature of the flame
surface. The curvature of the flame surface increases at high frequency and high amplitude, thereby
compensating for the change in flame heat release caused by surface wrinkles. As a result, the heat
release response starts to decrease. For V-shape and M-shape flames, they observed that those two
types of flames have the property of amplifying heat release disturbances. Durox et al. [16, 15]
further illustrated the mechanism of the V-shape and M-shape flame amplification effect. In terms
of V-shape flame, the PIV image shows that when a certain disturbance frequency is reached, a
vortex will appear near the burner lip and interact with the flame surface, greatly changing the
area of the flame surface and enhancing the unstable heat release rate of the V-shape flame. For
the M-shape flame, this is because the flame tip of the “M” flame will stretch under the velocity
disturbance. Therefore, the contact area between the flame surface and the reactant is increased,
thereby enhancing the unstable heat release rate of the flame. Moreover, in their experiment,
Durox et al. [15] also observed that the heat release disturbance of V-shaped and M-shaped flame
decreased nonlinearly with velocity amplitude. Through the above experiments, Durox et al. [16]
summarized the basic behaviors of the flame response function to the disturbance frequency and
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amplitude. The flame usually has the property of filtering high-frequency disturbances, and the
flame has a stronger heat release response to lower amplitude disturbances.
Palies et al. [38, 39] further measured the FDF of swirl flame experiment. During the
experiment, Palies et al. [38] found that the FDF gain is more sensitive to the disturbance
amplitude in frequency ranges where gain reaches an extremum. However, the FDF phase is
less dependent on the velocity perturbation level, and has a quasi-linear behavior with respect to
frequency. This indicates that the phase delay is caused by the convective mode. The FDF of swirled
flame has multiple extremum values because the swirled flame is perturbed in two directions. One
perturbation is from the azimuth direction, and the other is from the axial direction. Consequently,
when the two perturbations are in phase, the swirl flame is rolled up by the axial vortex while
being horizontally stretched, resulting in a large variations in flame surface area [39]. In the same
way, when the two perturbations are out of phase, the two disturbances act on the flame surface in
opposite phases, resulting in a decrease in the variations of the flame surface area. As a result, the
FDF gain reaches the minimum.
In the experiment conducted by Cuquel et al. [9], the influence of confinement side walls on
conical FDF is investigated experimentally and theoretically. The measurement results show that
side walls can enhance the heat release response to the incoming velocity disturbance, and can
cause the conical flame to amplify the heat release disturbance at low frequencies. It is observed
in the experiment that the phase of the FDF of the conical flame affected by the confinement side
walls still increases linearly at low frequencies. However, when the frequency exceeds the threshold
value, the phase of the FDF begins to increase nonlinearly. Cuquel et al. [9] indicated that effects
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of the confinement sidewalls must be considered for conical flame or for flames subject to nearby
geometric confinement.
With the rapid growth of computing power, high-fidelity simulations of the flame-acoustic
interaction in the combustion chamber have become feasible. Therefore, an increasing number of
works began to use DNS and LES to study the flame dynamic response to acoustic perturbations
and predict the FDF in the combustion chamber.
Armitage et al. [2, 3] investigated the FDF for acoustically forced lean premixed turbulent bluff-body stabilized flames, in a two dimensional domain with unsteady Reynolds-averaged
Navier–Stokes (URANS) approach. In the numerical study [3], the transition behavior of the heat
release response from linear to nonlinear regimes was also observed through CFD simulation. By
analyzing the flow field, it was found that the transition from linear to nonlinear behavior was
caused by the shedding of vortices from the lip of the bluff body, which severely disturbed the
flame surface, causing the inner and outer flame surfaces to merge into a single flame sheet; as a
result, nonlinear response is generated. In addition, Armitage et al. [2] also studied the heat release
response of the swirl flame to the disturbance of the inflow equivalence ratio by CFD simulation.
According to their results, the flame tends to amplify the disturbance at low frequency. However,
as the disturbance frequency increases, heat saturation occurs and the heat release response of the
flame gradually approaches zero.
In the numerical simulations conducted by Kaess et al. [24], the FTF of the laminar a
collection of small conical flames with 2% velocity perturbation was determined by using the
three-dimensional DNS method. The FTF obtained by numerical simulation shows that a collection
of small conical flames (CSCF) has the property of amplifying disturbances at low frequencies.
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However, previous experimental study [16] pointed out that conical flame does not have the ability
to amplify disturbances. In order to explain the phenomenon of CSCF amplifying disturbances,
Kaess et al. [24] analyzed the flame flow field. Kaess et al. [24] pointed out that after CSCF is
disturbed, the conical flame surface in CSCF is squeezed by the left and right adjacent flame flow
fields, thereby increasing the surface deformation of conical flame and generating the ability to
amplify the disturbance.
Krediet et al. [27] used the LES method to simulate the inflow velocity disturbance of the swirl
stabilized flame in detail. In their simulations, they predicted the FDF of the swirl stabilized flame
with different velocity perturbation amplitudes. The results demonstrate that for larger excitation
amplitudes, the FDF gain decreases, which is consistent with the experimental observations of
Palies et al. [38]. In addition, the numerical results show that the phase change of the FDF of
swirl stabilized flame is independent of the disturbance amplitude. Moreover, this finding is also
consistent with the experimental observations of Palies et al. [38].
In summary, numerous research groups have predicted the flame response function through
numerical simulation, and the predicted flame response function is highly consistent with the
experimental measurement results. However, compared with the amount of work to obtain the
flame response function through experimental measurements, the work of FDF numerical prediction
through CFD is extremely limited. The reason is that the FDF prediction involves the coupling
of multiple physical models, such as combustion, acoustic, and fluid flow, significantly increasing
the difficulty of numerical simulation and the requirements for computing resources. Towards
reducing the computational effort, researchers have proposed a variety of ROMs to simplify the
interaction between flame, acoustic, and flow fields from the perspective of decoupling multiple
13

physical models. Then, there is an increased interest to use more efficient ROMs and analytical
models to predict the FDF and the dynamic behavior of the flame, which is reviewed in the next
paragraphs.
To investigate the thermal-acoustic instability, Fleifil et al. [19] constructed an analytical model
to predict the dynamic response of a laminar premixed flame stabilized at the rim of the tube to
velocity disturbance, and to establish a relationship between velocity disturbance and heat release
response in the entire frequency range. In this analytical model, they used the following assumptions
to simplify the flame-acoustic coupling model. Initially, they simplified the flame surface and
assumed that the flame surface can be regarded as infinitely thin. Secondly, they assumed that
the laminar flame speed was constant, and the direction was always normal to the flame surface
and pointed to the reactant. They assumed that the influence of the flame on the flow field is
negligible, implying that the flow field in the analytical model is a “cold” flow field. In order to
simplify the flame-acoustic interaction, they assumed that the pressure disturbance generated by the
acoustic wave on the flame is negligible. Finally, in order to reduce the computational complexity,
they assumed that the flame surface and the acoustic wave perturbation are axisymmetric. Thus,
a one-dimensional cross-section of the three-dimensional flame can be used to characterize the
complete three-dimensional flame. Based on the above assumptions, Fleifil et al. [19] constructed
a ROM to represent the interaction between the conical flame and the acoustic perturbation field.
Subsequently, the ROM was used to investigate the flame dynamic response and heat release
response of the conical flame when it is perturbed by a uniform and a non-uniform velocity field.
By calculating the FTF under the two disturbances, the results show that the conical flames under
the two disturbances exhibited an increase in the flame heat release response delay with the increase
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of the frequency. In addition, Fleifil et al. [19] pointed out that low frequency disturbance exerts a
great influence on the heat release disturbance of the conical flame. And as the frequency increases,
the influence of velocity disturbance on the heat release of the flame gradually decreases. This
indicates that the conical flame has the property of a low-pass filter, which is consistent with
the experimental measurement results of Durox et al. [16]. Fleifil et al. [19] claimed that the
above phenomenon is caused by the combination of self-propagation because of the laminar flame
speed and translational motion due to the applied velocity field. Although this analytical model
considerably simplifies the flame, flow field, and acoustic wave model, it can still obtain the
qualitative behavior results of the flame and acoustic wave interaction. This shows that it remains
feasible to study the flame response function and flame dynamics through the ROM method.
Dowling [13] extended the analytical model constructed by Fleifil et al. [19] to study the
dynamic response of a bluff-body stabilized V-shape flame to the velocity oscillation and predict
its FTF. First, Dowling [13] used the same assumptions as in Fleifil et al’s analytical model.
Then, from the perspective of flame dynamics, Dowling [13] proved that the analytical model of
Fleifil et al. [19] is mathematically equivalent to G-equation. Then, Dowling [13] used the more
general flame model G-equation to characterize the flame surface. Subsequently, Dowling [13]
introduced linear harmonic velocity fluctuations as velocity disturbances generated by acoustic
waves. Dowling [13] pointed out that linear harmonic velocity fluctuations have great advantages
over other velocity disturbance models. Firstly, based on the linear harmonic vibration flame
model, the analytical solution of the time dependent flame heat release rate of the perturbed flame
can be obtained. Secondly, the linear harmonic velocity fluctuation is closer to the experimental
observations. Therefore, it can better simulate the behavior of the acoustic perturbation field.
15

Through the G-equation based flame model, the linear harmonic velocity perturbation model, and
the uniform base flow, Dowling [13] constructed a new ROM to explore the dynamic behavior
of the bluff-body stabilized V-shape flame under two boundary conditions and the corresponding
FTF. Under the first boundary condition, the V-shape flame is always anchored on the central body.
According to the obtained results, FTF predicted by the model is consistent with the experimental
results. Under the second boundary condition, the V-shape flame can slide up and down on the
central body. Based on this boundary condition, Dowling [13] studied the dynamics of the V-shape
flame when disturbed by the linear harmonic velocity. The results show that the ROM can capture
the nonlinear dynamics that the flame will move to the upstream of the flame holder under a certain
disturbance frequency that was observed in the experiment. The above results demonstrate that this
model can not only accurately predict the heat release response of the flame, but also can be used to
capture the nonlinear flame dynamics. More importantly, combining the studies of Dowling [13]
and Fleifil et al. [19], it can be concluded that the simplified flame model and acoustic perturbation
model is suitable for a variety of flames such as conical and V-shape flame. In addition, the
ROM can efficiently obtain the flame response function, and capture the nonlinear flame dynamic
behavior in consistence with the experimental observation.
Schuller et al. [50] developed a unified ROM based on the work of Dowling [13] and Fleifil
et al. [19] to study the response of flames to acoustic disturbances. Firstly, Schuller et al. [50]
directly started from the flame kinematic model and combined it with the assumptions used by
Fleifil et al. [19] in order to obtain a unified flame-acoustic ROM. Subsequently, Schuller et al. [50]
improved the perturbation model proposed by Dowling [13] and used the convective perturbation
model with the aim to replace linear harmonic velocity fluctuations. Schuller et al. [50] pointed
16

out that linear harmonic velocity fluctuation is an approximation of convective perturbation at
low frequency. The reason is that at low frequencies, the flame height is much smaller than the
wavelength of the acoustic wave and there is no phase difference on the flame surface. Thus,
the amplitude on the flame surface remains the same. However, as the frequency increases, the
wave-length of the acoustic wave begins to gradually approach or even become smaller than the
flame height. Therefore, the phase difference of the acoustic wave on the flame surface starts
to cause a difference in the amplitude of the flame surface. Additionally, this is also the main
reason why the previous kinematics model does not match the experimental measurement at high
frequencies. Subsequently, Schuller et al. [50] studied the dynamic performance of conical and
V-shape flame and the heat release response function based on the unified ROM and the convective
velocity perturbation model. Regarding the conical flame, the model reproduces the high-frequency
filtering effect in consistence with the experiment, and the heat saturation phenomenon at high
frequency. For the V-shape flame, compared with Dowling’s ROM [13], the ROM proposed by
Schuller et al. [50] reproduces the amplifying effect of the V-shape flame on the disturbance.
This study shows that the convective perturbation model is indeed closer to the real acoustic wave
velocity disturbance, and the convective perturbation is responsible for the gain amplification in
the amplitude response of V-shape flame.
The above-mentioned ROMs are only the most widely used models currently. In addition, there
are n-τ models summarized through experimental results and linear reacting flow models based on
reaction flow field information. In order to show the current shortcomings of these models, these
models will be discussed in detail in the next chapter.

17

1.3

Outline
In Chapter 2, the ROM technique for characterization of flame response under flow modulation

will be described and validated with benchmark test cases.
In Chapter 3, the CFD code used in the current work is explained, as well as the calculating
procedure to determine the FDF from numerical simulations.
In Chapter 4, the flame dynamics behavior of the premixed conical and M-shape flame, is first
determined using CFD and the ROM technique of presented work. Then, the simulated flame
dynamic response and FDFs are compared with the experimental results. Furthermore, the FDFs
obtained with CFD and the ROM technique are compared with those obtained with common flow
perturbation models.
In Chapter 5, the proposed ROM will be applied to premixed confined conical and confined
V-shaped flame.
In Chapter 6, the application range of ROM is extended by introducing flame heat release model
and equivalent ratio dependent flame speed model in ROM. Then, the ROM will be applied to
predict the response of unconfined V-shaped and swirl flame under the acoustic perturbation.
In Chapter 7, conclusions regarding the current research are provided, main innovations proposed in this work and future work are presented.
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CHAPTER II
REDUCED ORDER MODEL

2.1

Introduction
In this work, the FDF and flame dynamics behavior is predicted using a ROM technique. This

new ROM technique is built upon the kinematic flame model G-equation to describe the flame
topology and dynamics, and the physically-consistent velocity field obtained through the linearized
flow analysis for flame modulation.
This chapter mainly discuss the technical details of the ROM approach, also aiming to validate
numerical solvers used in the ROM. The chapter is structured as follows. Section 2.1.1 provides an
overview of existing types of reduced order methods for predicting flame response function. Next,
in Section 2.2, the flame surface model and implementation are discussed in detail. Subsequently,
the steady base flow model and perturbation flow field model are discussed in Section 2.3. Section
2.4 highlights the solution procedure of this reduced order approach. The validation of numerical
solvers is the subject of Section 2.5.

2.1.1

Overview of Existing Reduced Order models

Over the past decades, several ROMs have been developed by different research groups. These
ROMs can be divided into two categories, linear and nonlinear reduced order models, respectively.
Both types of models can be used to predict the FTF and determine the excitation frequency and
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growth rate of a given combustion system. In addition, the nonlinear ROM can be applied to
predict the FDF and determine the limit cycle of the combustion system.

2.1.1.1

1D n − τ Model

In this linear model, the flame-acoustic waves interaction is modeled as a 1D fluctuating heat
release rate function [7]. This heat release rate function links the global heat release at time t to a
time lagged acoustic velocity at a reference position [48]. The following equation represents this
reduced order model:

Q0
QÛ 0(t) = n u0 xre f , t − τ ,
u0

(2.1)

where Q0 is the heat release rate of the steady flame, u0 is the inlet bulk velocity, QÛ 0(t) is the global
fluctuating heat release rate, and u0 represents the acoustic velocity at the reference location xre f .
The factor n is called infection index, which governs the strength of the flame release rate response
to the acoustic velocity. In addition, τ describes the phase difference between acoustic pressure
and unsteady heat release rate of the flame.
The n − τ model is extensively used in the study of thermal-acoustic instability. First, this
model can be combined with the network model to predict the stability map of a combustion
system. Furthermore, the n − τ model can also be used as a theoretical tool for investigating the
intrinsic thermoacoustic instability (ITA) [17].

2.1.1.2

G-equation Model

For nonlinear dependent models, a typical solution methodology is the G-equation method
proposed by Schuller. et al. [35, 49]. Originally, the approach was developed to study flame
dynamics behavior of the conical flame. However, later, the G-equation method has been applied
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to calculate the FDF as well [20]. One of the disadvantages of this model is the difficulty to model
complex flame geometries through this method [4], but its advantage is that it can easily predict
both the FDF and the flame dynamics behavior at the same time.
The time dependent G-equation also can be converted from a time domain equation to a
frequency domain function through the Laplace transform. Subsequently, the frequency dependent
G-equation can be integrated along the flame surface to obtain the analytical FTF. Again, this
analytical method can only be used to analyze flames with simple flame shapes, such as conical
flame or V-shaped flame.

2.1.1.3

Linearized Reacting Flow Solver

Another nonlinear model is the linearized reacting flow approach for which it is assumed that
the thermo-acoustic interaction can be decoupled in two steps [4]. The first step is to solve the
nonlinear Navier-Stoke equations, in which the steady flame shape and flow field are determined.
The second step handles a linearized version of Navier-Stoke equations around this base state to
determine the unsteady response of the flame. Due to the extensive use of linear approximation
in this method, this model can only be used to predict the FTF. Nevertheless, compared with the
G-equation model, this model is not restricted by the flame geometry, and thus it is more versatile.

2.1.1.4

Outlook

It can be seen from the above models that there are two main issues associate with the existing
ROMs. The n − τ model and linearized reacting flow approach are not affected by the geometric
complexity of the flame but can only be used to predict the FTF and not able to capture the
flame dynamics response. The other one, G-equation model can predict FDF and flame dynamics
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response, but it can only be applied to flames with simple geometries. In order to solve the
shortcomings of the current model, it is necessary to propose a new ROM method that is not
limited by the flame shape and can also predict the FDF and flame dynamics response. So, in
this study, a general, predictive ROM technique for characterization of flame response under flow
modulation is proposed. The model is built upon the kinematic flame model G-equation to describe
the flame topology and dynamics, and the Pseudo base flow model to replicate the steady flame
topology. This novel modeling approach fundamentally addresses the significant limitation of the
classical kinematic models applied to flame response characterization, that is the inability to be
applied to complex combustion configurations.

2.2

Flame Surface Model: G-equation
In this section, the G-equation used to model the flame surface will be derived. First, in Sections

2.2.1 and 2.2.2, the definition of flame surface and governing equation of the flame surface model
are given. In this study, a numerical algorithm for solving the G-equation, based on Levelset
method, has been implemented in C. The implementation details are discussed in Subsections
2.2.3.

2.2.1

Flame Surface Definition

For a laminar premixed flame of any shape, the flame thickness on the flame surface is basically
constant and much smaller than other length scales in the combustion chamber. Therefore, an
infinite thin flame surface can be used to characterize the laminar premixed flame. In order to
present the laminar premixed flame as an infinite thin flame surface, the simplest way is to select
an iso-surface from a scalar field of the laminar premixed flame as the flame surface. Then, by
22

tracing the motion trajectory of the selected iso-surface in the scalar field, the motion of the laminar
premixed combustion flame can be characterized. In most simulations, the temperature filed is
usually selected as the progress variable, and the isothermal surface T(X, t) = T ∗ with a specified
T ∗ is used to represent the flame surface [21]. The reason is that the flame temperature field
can better characterize the topology of the laminar premixed flame. Therefore, the flame surface
G(X, t) of the laminar premixed flame can be defined as:
G(X, t) = T(X, t) − T ∗,

(2.2)

The above definition means that when G(X, t) is greater than zero, it represents burned side; when
G(X, t) is equal to zero, it means flame surface; when G(X, t) is less than zero, it stands for unburned
mixture.

2.2.2

Flame Surface Dynamics Equation

Since the dynamic flame surface is driven by the surrounding flow field, the movement of the
flame surface scalar field G(X, t) must satisfy the following partial differential equation:
∂G
+ V f · ∇G = 0,
∂t

(2.3)

where V f is the absolute speed at which a point on the flame surface moves relative to the local
gas velocity. By combining the definition of the flame surface (Equation (2.2)), the function of the
temperature scalar field can be obtained:
∂T
+ V f · ∇T = 0,
∂t
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(2.4)

Additionally, according to the energy conservation equation, the temperature field can be expressed
by the following equation:
" N
#
N
Õ
Õ
1
∂T
+ u · ∇T =
−
hi ωÛ i + ∇ · (λ∇T) − ρ
cpiYi Vi · ∇T ,
∂t
ρcp
i=1
i=1

(2.5)

where ρ, and λ denote the mixture density and thermal conductivity, and hi , Yi , cpi , Vi , ωÛ i denote
the enthalpy, mass fraction, specific heat, diffusion velocity and rate of production/consumption of
species i, respectively. Because the absolute speed V f is the resultant velocity of local gas velocity
u and the propagation speed of the flame surface s L which is normal to the flame surface [34]. The
absolute velocity V f satisfies the following velocity relationship:
V f · n = s L + u · n,

(2.6)

∇T
where n = − |∇T
| is the normal vector on the flame surface. Then substituting Equation (2.6)

into Equation (2.5) and combining the definition of the flame surface, the flame dynamics model
G-equation can be obtained:
∂T
+ u · ∇T = s L |∇T |,
∂t
∂G
+ u · ∇G = s L |∇G|,
∂t

(2.7)
(2.8)

By comparing Equation (2.7) with the energy conservation equation (Equation. (2.4)), it is not
difficult to find that the the flame surface propagation speed s L should be equivalent to:
" N
#
N
Õ
Õ
1
sL =
−
hi ωÛ i + ∇ · (λ∇T) − ρ
cpiYi Vi · ∇T ,
ρcp |∇T |
i=1
i=1
2.2.3

(2.9)

Flame Front Tracking: Levelset Method

In order to study the effect of acoustic disturbance on the flame surface in detail, an algorithm
that can efficiently and accurately track the flame surface changes is needed. For this, the state of the
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art interface tracking algorithm-Levelset method is employed. The Levelset method is a numerical
method proposed by Osher and Sethian [36, 37] for tracking interface changes in multiphase fluid
and combustion simulation. This method can significantly reduce the computational complexity of
multiphase fluid simulation and combustion simulation. Especially in the reaction flow simulation,
using the Levelset method to track the flame surface can replace the chemical reaction simulation
on the flame surface, thereby significantly speeding up the combustion numerical simulation.
The Levelset method proposed by Osher and Sethian [36, 37] converts the problem of tracking
the interface topology changes in the computational domain into solving the iso-contour line of
the Levelset function in three-dimensional space to indirectly track the interface changes, thereby
avoiding the complicated calculations caused by directly dealing with topological structure changes.

2.2.3.1

Preliminaries

In Levelset method, we defined the following computation domain Ω ⊂ R2 :
Ω = A ∪ I ∪ B,

(2.10)

where A and B respectively represent the two parts of the area divided by the interface I. Assuming
that the interface I is a one-dimensional manifold with continuous and globally bounded curvature,
then I(x, t) : R × [0, t) → R2 satisfy the following partial differential equation:
∂I(x, t)
= u · n,
∂t

(2.11)

I(x, 0) = I0,
where I0 represents initial closed curve or surface. Based on this manifold equation and different
velocity vectors, this partial differential equation can describe the evolution of the closed curve
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under at a particular velocity vector field. In the Levelset method, the closed curve or surface
is determined by the continuous multidimensional function φ(X, t). In φ(X, t), point set with the
same value represents a closed curve or surface. Usually the point set {X|φ(X, t) = 0} represents
the manifold curve or flame surface in the problem.

2.2.3.2

Signed Distance Function

Obtaining the Signed Distance Function (SDF) is the first step in constructing the Levelset field.
SDF is usually obtained by calculating the distance through the initial closed curve or surface I0 :
φ (X, 0) = ±d,

(2.12)

where d is the shortest distance from any point X in the space to the initial curve I0 , and its sign is
determined by the point X inside and outside the initial curve I0 . If the point X is inside the initial
curve I0 , it will take the positive sign, otherwise the negative sign. When the initial condition
satisfy Equation (2.11) and Equation (2.12), the SDF is a solution of the Hamilton-Jacobian type
partial differential equation:
∇φ (X, t)
∂φ (X, t)
+u·
= 0,
∂t
|φ (X, t) |

(2.13)

∂φ (X, t)
+ H (φ) x = 0,
∂t

(2.14)

where H denotes the Hamiltonian. By solving the above partial differential equations, the evolution
of surfaces and closed curves can be obtained from the continuously updated Levelset point set
{X|φ(X) = 0}. The most important feature of this surface tracking method is that when the surface
or the closed curve are merged or split, the Levelset function is still able to correctly capture the
evolution of the interface and the closed curve through SDF.
26

2.2.3.3

Mesh generation

When the flame surface is disturbed by acoustic waves, phenomena such as surface breaking
and merging will appear on the flame surface. In order to accurately capture those flame dynamics,
the grid size near the flame surface must be much smaller than the flame thickness. Therefore, in the
numerical simulation, the accuracy of flame dynamics simulation has extremely high requirements
on the grid size near the flame surface. To meet computational accuracy requirement, a structured
grid is used in this solver. The grid size in the solver is set to be much smaller than the thickness of
the flame surface to ensure that the flame surface can be fully resolved in the calculation domain.
Although the structured mesh can ensure the accuracy of the computation, however, it greatly
increases the computational effort. With the aim to reduce the computational effort, this solver
uses the Narrow Band method to reduce the size of the computational domain and speedup the
simulation.

2.2.3.4

Narrow Band Method

In practical applications, only the evolution at the interface needs to be obtained to know the
evolution of the flame, so it is not necessary to solve the Levelset field over the entire computational
domain. It only needs to solve G-equation in the area near the interface to describe the evolution of
surfaces. Therefore, the G-equation only needs to be solved around the flame front, which greatly
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reduces the computational effort. This approach is known as Narrow Band method proposed by
Sethian [1]. The Levelset function combined with the narrow band method is defined as follows:

φ∗ (X, t) =





−1







φ(X,t)
ε








 1


φ(X, t) < −ε
−ε ≤ φ(X, t) ≤ ε ,

(2.15)

φ(X, t) > −ε

where the ε represents half the thickness of the Narrow Band, and φ∗ (X, t) represents the new
Levelset field filtered by the Narrow Band method. Through this method, the Levelset solver can
efficiently track the flame surface dynamics in the computational domain under the premise of
ensuring accuracy.

2.2.3.5

HWENO Scheme

In solving the G-equation, the dissipation error needs to be minimized so that the flame dynamics
performance can be predicted with high accuracy, thus a high order accurate discretization scheme
is required. Therefore, the fifth-order finite difference HWENO scheme [54], which is easy to
program and can provide high-order accuracy, is employed to approximate the spatial derivative.
The finite difference HWENO scheme is:
H≈


1
fi+1/2 − fi−1/2 ,
∆x

(2.16)

where H is the numerical approximation to the Hamiltonian H , ∆x is the mesh size, and fi+1/2 ,
fi−1/2 are numerical fluxes. If H (φ) > 0, HWENO scheme has the numerical flux given by:
1
2
3
fi+1/2 = w1 fi+1/2
+ w2 fi+1/2
+ w3 fi+1/2
,
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(2.17)

i
where fi+1/2
is the third-order numerical flux constructed by the following three different stencils:

1
7
11
f (φi−2 ) − f (φi−1 ) +
f (φi ),
3
6
6
1
5
1
= − f (φi−1 ) + f (φ j ) + f (φi+1 ),
6
6
3
5
1
1
= f (φi ) + f (φi+1 ) − f (φi+2 ),
3
6
6

1
fi+1/2
=

(2.18)

2
fi+1/2

(2.19)

3
fi+1/2

(2.20)

and wi represents the nonlinear weights, which can be determined by the linear weights γ k and the
smoothness indicator βk ,
wi = Í3

w̃i

k=1 w˜k

w̃i =

γk
( + βk )2

,

(2.21)

,

(2.22)

where  is a small value introduced to avoid the denominator to go to zero, which is usually taken
as 1e−6 in calculations. The linear weights γ k are
γ1 =

1
3
3
, γ2 = , γ3 = ,
10
5
10
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(2.23)

and three smoothness indicators on three different stencils are given by:

2.2.3.6

β1 =

13
( f (φi−2 ) − 2 f (φi−1 ) + f (φi ))2
12
1
+ ( f (φi−2 ) − 4 f (φi−1 ) + 3 f (φi ))2 ,
4

β2 =

13
( f (φi−1 ) − 2 f (φi ) + f (φi+1 ))2
12
1
+ ( f (φi−1 ) + f (φi+1 ))2 ,
4

β3 =

13
( f (φi ) − 2 f (φi+1 ) + f (φi+2 ))2
12
1
+ (3 f (φi ) − 4 f (φi+1 ) + f (φi+2 ))2 ,
4

(2.24)

(2.25)

(2.26)

Time Integration

The Levelset solver uses the fourth-order explicit Runge-Kutta (RK4) scheme [22] to integrate
the time derivative in the G-equation. The explicit RK4 method refers to a one-step multi-stage
method that employs multiple stages in the interval [tn, tn+1 ] to approximate the time derivative.
For explicit RK4 scheme, the solution at the new time step tn+1 is given by:
φn+1 = φn +

1
(k 1 + 2k 2 + 2k 3 + k 4 ) ,
6
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(2.27)

where φn+1 is the approximate solution at time tn+1 , and k1 , k2 , k 3 , and, k 4 are defined as follows:
k1 = ∆tH(φn ),
k1
),
2
k1
k3 = ∆tH(φn + ),
2
k2 = ∆tH(φn +

k4 = ∆tH(φn + k3 ),

(2.28)
(2.29)
(2.30)
(2.31)

However, the new φ (X, t) obtained by the above spatial discretization and time integration methods
will no longer be the SDF. Therefore, a specific numerical process is required to reinitialize the new
scalar field φ (X, t) so that it satisfies the definition of a signed distance function. In the Levelset
method, this process is called Reinitialization.

2.2.3.7

Reinitialization

Due to the interface motion, deformation and numerical approximation, the sign distanced
scalar field φ (X, t) may lose sufficient regularity near the interface. Therefore, it is necessary to
reinitialize the Levelset field to a signed distance function after each numerical calculation. This
process is called reinitialization process. In Levelset method, reinitialization process solves the
following Eikonal equation to fix the regularity of the scalar field φ (X, t) [23]:


φt (X, t) + sgn φ0 (X) (|∇φ(X, t)| − 1) = 0,

(2.32)

φ0 (X) = φ(X, 0),

(2.33)

When t → ∞, the solution φ(X, t) converges to the signed distance function with initial condition
φ0 (X) = φ(X, 0). In this study, we perform the reinitializing process by solving Equation (2.32).
To resolve the Eikonal equation, the modified method of Russo and Smereka [41] is employed
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to evaluate the spatial gradient of the Eikonal equation. Time integration is performed by using
the RK4 method. In the case explored in this study, the practical results show that the interface
becomes non-derivable at the sharp corner such as the flame tips. Under such scenario, the second
order finite difference scheme will present numerical error at non-derivable location. In order to
suppress and avoid this numerical error, an upwind-entropy satisfying viscosity scheme has been
applied to gradient evaluation. This finite difference approximation is introduced by Osher [23]:

|∇φ(X, t)| ≈ max



δi,−xj φ

−

δi,+xj φ, 0

2

+ max



−y
δi, j φ

−

+y
δi, j φ, 0

 2  1/2

,

(2.34)

where δ−x , δ+x , δ−y , and δ+y are forward and backwards finite difference operator notation that:
φi+1, j − φi, j
,
∆x
φi, j+1 − φi, j
+y
δi, j φ =
,
∆x

φi, j − φi−1, j
,
∆x
φi, j − φi, j−1
−y
δi, j φ =
,
∆x

δi,+xj φ =

δi,−xj φ =

This finite difference scheme is observed to yield a consistent, smooth signed distance field for the
Levelset function typically encountered in our cases.

2.2.3.8

Boundary Condition

In the Levelset solver, the boundary conditions can be divided into two categories based on
the flame geometry in the domain. The first type refers to a flame surface that has both ends
anchored on the boundary, forming a closed free interface. The M-shape flame is a representative
example of this type of flame. Regarding this type of flame, a Dirichlet Boundary Condition on the
boundary that contacts the flame anchor point is appropriate. This ensures that the Levelset scalar
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field φ(X, t) at the anchor point does not vary in time, thus the flame surface is always anchored on
that boundary. As a result, the fixed boundary is given by:
φ (X, t) = φ (x, 0) , x ∈ ∂Ωfix,

(2.35)

where ∂Ωfix represents the boundary in contact with the flame anchor point. The second boundary
condition type refers to the Neumann boundary condition, which is used for the boundary in contact
with the sliding end of the flame surface; by this condition, the flame surface can slide freely on
the wall. Therefore, the slip boundary is given by:
∇φ (x, t) = 0, x ∈ ∂Ωslip,

(2.36)

where ∂Ωslip represents the boundary in contact with the sliding end point of the flame surface.
Due to the Narrow Band method, the calculation area is limited to the boundary in contact with
the flame surface. Therefore, there is no need to set boundary conditions for other boundaries in
the computational domain.

2.3

Flame Flow Field Model
In the G-equation, the acoustic environment and steady flame topology information are repre-

sented in the form of velocity fields, consisting of uPseudo
, and û. The first velocity field uPseudo
is
0
0
obtained from the Pseudo base flow model to replicate the steady flame geometry and aerodynamic
environment of the burner, which will be discussed in Section 2.3.1. Another velocity field, û is a
modal representation of the perturbation field, which is obtained from linear flow analysis and will
be discussed in Section 2.3.2.
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2.3.1

Model of Steady Base Flow

There are two important parameters in the G-equation based ROM: the flow field velocity u and
the flame surface propagation speed s L . The flame speed s L is a constant which can be measured
in experiments or obtained by performing numerical simulation. The flow field of steady flame u
can be obtained by numerical simulation methods such as LES, DNS, and so on. However, the
flow field of steady flame obtained by numerical methods cannot directly serve as the base flow
for G-equation. Because G-equation only needs the flow field information before the flame, the
post-flame flow region caused by the thermal expansion of the flame is not within the description
range of G-equation [33]. Therefore, using the G-equation to track the dynamics of the flame
surface requires a cold base flow that does not contain thermal expansion of the flame. Therefore,
previous studies have used the uniform flow model with the inlet velocity as the base flow model
for conical, V-shaped flame, and M-shape flame[29, 49, 35, 14], and the potential flow model for
the M-shape flame [51].
However, both of these two flow fields have certain limitations. The uniform base flow can only
be used for simple flame configurations, such as conical flame simulations in an open environment.
When the conical flame is placed in a confined burner, the flow field in front of the flame will be
significantly accelerated due to the influence of the confinement effect [9], causing the flame to
become higher and the flame surface to bend. Under such scenario, the uniform base flow model
cannot reproduce the correct flame shape. For the potential flow model, its application is limited to
flames with the special nozzle structure. The potential flow model can only be used for M-shaped
flames where the nozzle exit has both axial and radial velocities. When the nozzle exit has only
axial velocity, this method does not reproduce well the shape of the experimental M-shaped flame.
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In order to better replicate the flame topology in the complex combustion configuration in the
ROM. A more general, parameter-free Pseudo base flow model is proposed here as the base flow
in G-equation. The construction process of the Pseudo base flow consists of four steps. In the
first step, an isotherm line is selected on the unburnt side of the flame. Meanwhile, the calculation
domain is divided into low temperature and high temperature regions along the isotherm line. In the
second step, the velocity taken from the isotherm serves as the boundary condition for another cold
flow simulation to generate a flow field without the flame thermal expansion. Finally, the newly
generated flow field is combined with the previous low temperature flow region to generate Pseudo
base flow, as shown in Figure 2.1. In practice, we found that the contour lines, T = 310 ∼ 350 K,
lead to ideal and similar results. Through this method, the thermal expansion effect of the postflame region is eliminated while the flow field information on the unburned side is well preserved.
Therefore, the proposed Pseudo base flow model can more accurately replicate complex flame
topologies in a variety of different combustion configurations.

2.3.2

Model of Perturbation Field Models

In the ROM, the flame surface at steady state can be obtained by solving the G-equation with
a pseudo-basis flow model as the base flow. After that, in order to simulate the flame dynamic
behavior and flame response function FTF or FDF, a perturbed flow field needs to be introduced
into the G-equation to simulate the acoustic-flame interaction in a real combustor.

2.3.2.1

Overview of Existing Perturbation Field Models

Currently, several perturbation models have been developed, and those perturbation models
can be divided into two categories including uniform and convective perturbation models.
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Uniform Model [19, 13, 35]: The uniform disturbance model assumes that only axial velocity
disturbances exist in the flow field and that the disturbance amplitude at the flame surface remains constant. However, this model is only valid at low frequencies. The reason is that at low
frequencies, the wavelength of the disturbance field is longer than the flame height. Therefore,
there is no phase delay in the perturbation waves on the flame, making the amplitude the same
everywhere on the flame surface. However, as the frequency increases, the wavelength length
of the perturbation field starts to be smaller than the flame height, and the phase delay of the
perturbation field on the flame becomes non-negligible, so the amplitudes on the flame surface

(a) Step 1.

(b) Step 2.

(c) Step 3.

(d) Step 4.

Figure 2.1

DNS base flow with isothermal contour line T = 350 K (a), upstream region of DNS base flow
(b), new downstream flow field obtained by cold flow simulation (c), and Pseudo base flow (d).
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are no longer the same.

Convective Model [35, 29, 30, 25]: In order to get closer to the real physical phenomenon,
the phase speed term is introduced into the uniform model to compensate for the defects of
the uniform model at high frequencies. This new model is called convective model. However,
this model is only suitable for flames with simple topology structure, such as conical flame
and V-shape flame. When the convective model is used as the perturbation field of M-shape
flame, the predicted flame dynamics and FDF are not consistent with the experimental results.
This is the because under real combustion conditions, there are not only axial but also radial
perturbations in the combustor. Moreover, the amplitude and phase of the perturbations are all
related to the flow field in the combustor.

2.3.2.2

Physically-Consistent Perturbation Model

In order to compensate for the shortcomings of current perturbation model, a more physically
insightful method is proposed in this study. This idea start from the first principles. Performing
linear analysis aims to obtain the intrinsic modes of the perturbed flow field at given frequency,
which will then be imposed as the velocity perturbation in the velocity field of G-equation to
efficiently evaluate the flame describing function. This linear analysis is carried out by solving the
linearized Navier-Stokes equations in frequency domain:
iω ρ̂ + ∇ · ( ρ̂u0 + ρ0 û) = 0,

(2.37)

ρ0 (iωû + (û · ∇) u0 + (u0 · ∇) û) = −∇ p̂ + ∇ · τ̂,

(2.38)
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ρ0 cp iωT0 + û · ∇T0 + u0 · ∇T̂ + ρ̂cp (u0 · ∇T0)


(2.39)



= ∇ k∇T̂ + ∇û : τ 0 + ∇û : τ̂,
ρ̂ = p̂/RT0 − ρ0T̂/T0,


τ̂ = µ ∇û + (∇û)

T



− 2/3µ (∇ · û) I,

(2.40)
(2.41)

in which ρ, u, p, T, µ, k and τ are density, velocity, pressure, temperature, dynamic viscosity,
thermal conductivity and viscous stress tensor, respectively. The subscript “0” indicates the base
flow quantities and the hat symbol indicates the complex frequency amplitudes of the corresponding
variables at a given frequency, ω. It should be pointed out that this set of linearized equations
originates directly from the first principle, and it is solved using COMSOL Multiphysics with a
prescribed mean flow that is obtained from the DNS.

2.4

Solution Procedure
The ROM approach is executed according to the following steps, as outlined in the flowchart of

Figure 2.2: First, perform the nonlinear simulation to obtain the stationary (unperturbed) flame case;
Then, carry out the linear analysis, as discussed in section. 2.3.2, using the state-steady flow field
from Step i.) as the base flow to find the intrinsic flow modality with imposed inflow perturbation
at different frequencies. Meanwhile, construct a pseudo based flow by extracting and freezing the
state-steady flow field of the pre-flame region and running an isothermal simulation. This step
is a one-time effort for a given configuration and the obtained base flow is used subsequently for
all the ROM cases. For a given pair of frequency and perturbation level, perform reduced-order
calculation with the pseudo base flow generated in Step iii.), the corresponding modulating flow
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mode shape established in Step ii.), and the given modulation amplitude. Repeat Step iv.) until
the relevant ranges of frequency and perturbation level are swept.

2.5

Validation
In this section, the proposed perturbation model will be validated by comparing the acoustic

mode obtained by linear analysis with the first order mode obtained by the Proper Orthogonal
Decomposition (POD) analysis. Then, Levelset solver is then validated by two benchmark cases,
a vortex drop test and Bunsen burner flame test.

2.5.1

Perturbation Field Validation

By comparing the dominant mode of the perturbed flame flow field obtained by POD analysis
with the perturbation mode obtained from the linear flow analysis, a validation study of the
perturbation field model was conducted.
In the validation study, first, a DNS without excitation was performed. After obtaining a
converged reacting flow field, the perturbation mode was calculated by using linear flow analysis
proposed in this work. The intrinsic mode is shown in Figure 2.3(a) and Figure 2.3(b). Next,
the perturbed flame flow field calculation is performed by exciting the velocity at the inlet with
harmonic wave. After obtaining the disturbance flame flow field for one cycle, the disturbance flow
field is analyzed by POD analysis to obtain the first-order mode. The POD results are shown in
Figure 2.3(c) and Figure 2.3(d). By comparing Figure 2.3(a) and Figure 2.3(c), it can be seen that
the streamwise mode obtained by linear analysis and the first order mode obtained by POD analysis
are highly consistent in mode shape and mode magnitude. The mode obtained by linear analysis
in the radial direction in Figure 2.3(b) is slightly different from the first order mode obtained by
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Figure 2.2

ROM Solution Procedure.
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POD analysis in Figure 2.3(d). It can be seen from Figure 2.3(b) that the dominant mode is divided
into two parts, upstream mode and downstream mode, by the flame surface, and the downstream
mode has a larger magnitude due to the effect of thermal expansion. Although the linear flow
analysis did not capture the downstream mode that appeared in the POD analysis, but the radial
mode obtained from the linear flow analysis similar in magnitude and shape of POD mode in
upstream region. In addition, because the G-equation model does not need to consider the effect
of thermal expansion, the radial intrinsic mode obtained by linear flow analysis can still reflect the
real acoustic oscillation. That means that the acoustic mode generated via the proposed method
captures the intrinsic flow motion in the true physical scenario.

h
(a) COMSOL mode û x

(b) COMSOL Mode ûr

(c) Streamwise POD result

(d) Radial POD result

Figure 2.3

Intrinsic mode (a) and (b) obtained by preforming linear flow analysis, and the dominant mode (c)
and (d) calculated by POD analysis.
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2.5.2

Levelset Solver Validation

In order to validate the G-equation solver, two classical benchmark tests were used in this work
to validate the Levelset solver in detail.

2.5.2.1

Vortex Drop

First, the vortex drop benchmark is considered to test the ability of the developed solver to
accurately resolve surface deformation, which can occur in the perturbed flame flow field [52]. In
the vortex drop benchmark, a circular drop is initially placed in a periodically oscillating vortex
field. The velocity field is defined as:
u(X, t) = ust (X) cos

 πt 
T

,

(2.42)

where T is the time period, and the fixed velocity field ust (X) is defined as:


ust (X) = cos2 (πx) sin(2πy), − cos2 (πy) sin(2πx) ,

(2.43)

When t = 0.5T, the velocity field begins to reverse, and a counterclockwise rotation is applied to
the stretched droplet. Therefore, when t = T, the stretched droplet will return to the initial test
position and remain in the initial shape.
Figure 2.4 above shows the evolution of droplets at different times under different resolutions.
The results show that for all resolutions, the droplet can return to the initial position at t = T
while some noticeable numerical oscillations will appear at a coarser mesh resolution. However,
as the mesh resolution increases, the numerical oscillation gradually disappears, and the droplet
can better restore the original shape at t = T.
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t=0

t = 0.5T

t = 0.25T

t=T

Figure 2.4

Evolution of contour plots for G=0 for vortex drop problem with different mesh sizes,
∆x = 1.0e−2 (top row), ∆x = 5.0e−3 (middle row), and ∆x = 2.5e−3 (bottom row).

2.5.2.2

Bunsen Burner Flame

The ability of the developed solver to track the motion of the interface with surface propagation
speed was then tested with a Bunsen burner flame benchmark.
In the Bunsen burner flame, when the inflow velocity and flame surface velocity are given, the
flame height can be analytically determined. Therefore, the accuracy of the solver can be evaluated
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by comparing the simulation result with the analytical solution. The analytical formula for the
flame height is:
H=

R
,
tan(α)

(2.44)

where R represents the radius of the Bunsen burner exit, and α denotes the half angle of the cone
of the Bunsen burner flame given by:



sL
α = arcsin
,
u0

(2.45)

Figure 2.5 compares the flame heights obtained by numerical methods with analytical solution
for different grid sizes. The results prove that for all resolutions, the developed solver yields results
that are consistent with the analytical solution. Through the above analysis, it can be seen that this
Levelset solver based on the finite difference method is robust and stable.

2.6

Conclusions
This chapter, the modeling technique of the ROM proposed in this work has been discussed in

detail, covering the flame surface modeling, the steady flow field modeling, and the perturbation
field modeling. Among them, the flame surface model is applied to characterize the nonlinear
flame surface dynamics. The Pseudo base flow ensures that the ROM can replicate the steady flame
geometry and the aerodynamic environment where the flame is situated. The proposed physically
consistent velocity perturbation field is used to drive the flame surface deformation in the ROM
and characterize the flame-acoustic interaction. Furthermore, the physically-consistent velocity
perturbation field fundamentally addresses the significant limitation of the classical kinematic
model applied to flame response characterization, where ad-hoc assumptions are typically made
on the modulating flow field.
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Figure 2.5

Contour plots for G=0 for steady state (red line) with different mesh sizes, and analytical solution
of the Bunsen flame (blue dash line). ∆x = 1.0e−2 (left), ∆x = 5.0e−2 (middle), and ∆x = 1.0e−3
(right).
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However, the proposed modeling technique has not been validated. The detailed validation is
the topic of Chapter 4. However, it has been shown that the flame surface tracking solver performs
well for the test cases that were considered. Model shape comparisons show good agreement
between the mode predicted by the linear flow analysis and the dominant mode obtained by the
POD analysis.
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CHAPTER III
TRANSIENT CFD SIMULATION OF THE REACTION FLOW

3.1

Introduction
In this work, the high-fidelity flow field used to construct the Pseudo base flow and linearized

acoustic modes will be obtained from Computational Fluid Dynamics (CFD) simulations. To
obtain the reaction flow information and to validate the proposed ROM, transient CFD simulations
are required. The simulation process consists of the following three steps [26, 43, 47]:
1. The first step is to perform a transient CFD simulation without excitation velocity at the inlet
until a stable and convergent reaction flow solution is obtained. The steady flame topology
from numerical simulation should be as the same as the experimental observation.
2. Perform a transient CFD simulation with a velocity disturbance applied at the inlet condition.
Meanwhile, the flow field information required for postprocessing is stored at a certain
sampling frequency.
3. Reconstruct the FDF from the solution of the transient CFD simulation.

The CFD approach to study the turbulence flame response to the acoustic perturbation has already
been used by several other researchers, e.g. Armitage et al. [3], van Kampen [60], Polifke et al.
[43, 57], and Krediet [27]. In this work, the CFD method will be applied to premixed laminar
flames to study the flame dynamics response and heat release variance to velocity modulation in a
more fundamental way.
The CFD solver used in this work is the widely used LES solver-3DA [10], which is a solver
developed based on a second-order finite difference scheme applied to the incompressible Navier47

Stokes equations. In this study, the 3DA solver will be used to simulate laminar reactive flow by
means of a direct numerical simulation manner. This chapter is structured as follows. First, the
governing equations and related physical models embedded in the DNS solver are introduced in
Section 3.2. Then, the implementation of the flame-acoustic interaction simulation in the 3DA
solver is provided in Section 3.3.

3.2

Governing Equations for Laminar Reacting Flows
This section presents the conservation equations for reacting flows and highlights the combus-

tion model used in numerical simulation. Regarding the laminar premixed flame, the conservation
equations are given below. Details of the derivation can be found in Poinsot et al. [42].

3.2.1

Governing Equation

The reacting flow is described by the Navier-Stokes equations and the equations of species at
the low-Mach limit:
∂t ρ + ∇ · (ρu) = 0,

(3.1)

∂t (ρYi ) + ∇ · (ρuYi ) + ∇ · (ρViYi ) = ωÛ i,

(3.2)



∂t (ρu) + ∇ · ρuuT = −∇p + ∇ · τ,

(3.3)

ρcp ∂t T + ρcp u · ∇T = ∇ · (λ∇T) −

N
Õ

hi ωÛ i,

(3.4)

i

ρ = fEOS (T, Yi ),

(3.5)

where
τ=µ



∇u + ∇u

T
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2
− ∇·u ,
3

(3.6)

in which ρ, u, τ, p, T, Y , h, and cp are density, velocity, viscous stress tensor, pressure, temperature,
species mass fraction, specific enthalpy, and heat capacity at constant pressure, respectively; and
ωÛ i refers to the chemical production rate of the species i.

3.2.2

Transport Model

The diffusion velocities Vi can be obtained by solving the following system of equation [42]:
N
N
Õ


Xp Xk
∇P ρ Õ
∇Xp =
+
YPYi fp − fk ,
Vi − Vp + (Yp − Xp )
D pk
P
p i=1
i=1

(3.7)

Detailed information about Eq. (3.7) can be found in the book of Poinsot et al. [42]. In order
to find the diffusion velocities Vi , the above system of equations must be solved at each grid and
time step using transient CFD simulations. This obviously increases the computational complexity
and computational effort significantly. To reduce the computational complexity and improve the
computational efficiency of the solver, Fick’s law is applied in this work to simplify the above
equations. According to the Fick’s law, the diffusion velocity Vi can be written as:
Vi = −Di

∂ ln (Yi )
,
∂X

(3.8)

where the Di is the mass diffusivity of species i. Then, the Eq. (3.2) can be simplified to:
∂t (ρYi ) + ∇ · (ρuYi ) = ∇ · (ρDi ∇Yi ) + ωÛ i,

(3.9)

It is of note should be mentioned that Fick’s law is only valid for combustion configuration with
very small Lewis number variations. In this work, only methane/air mixtures are used in all
investigated combustion configurations. For methane/air flames, the Lewis number is almost a
constant. Therefore, it is reasonable to use Fick’s law in the methane/air flame to simplify the
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diffusion process. The mass diffusivity takes the form of D = µ/(ρSc), where the Schmidt number,
Sc, is set to 0.7 and the dynamic viscosity, µ, is linked to the temperature via the classical power
law. The thermal conductivity, λ, is determined via λ = cp µ/Pr with a Prandtl number of 0.7.
In order to solve the set of equations above, the ωÛ i term has to be modeled. This term will be
discussed in the following section that is about the combustion model.

3.2.3

Combustion Model

Even the simplest fuel has a large number of reactive substances and free radicals during
the combustion process. Take methane/air reaction for example, a simple methane/air flame is
not a simple one-step reaction, but a combination of a variety of interrelated chemical reactions.
Therefore, it is extremely expensive to solve all chemical reaction equations in three dimensions.
Moreover, some reaction equations might have extremely short reaction time, implying that an even
smaller time step is required to fully resolve those reactions. One way to solve this problem is to
use equilibrium assumptions for reaction equations with extremely short reaction times to reduce
the number of equations to be solved thereby increase the speed of operation. Although the number
of reaction equations has been reduced, the remaining equations have larger time scales and energy
scales. Therefore, the reduced reaction mechanism can still represent the main characteristics of
the original mechanism. Furthermore, the original mechanism can be combined to generate new
reactions namely global reactions, consequently continuing to reduce the number of reactions and
species. This method of simplifying the number of chemical reaction equations by global reactions
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is called Finite Rate Chemistry. In the Finite Rate Chemistry model, the reaction rates in these
global reactions can be calculated by the Arrhenius expressions:

Ea
RR = AT exp −
,
RT
m



(3.10)

where the RR, A, m, and Ea represent reaction rate, pre-exponential factor, temperature factor, and
activation energy, respectively.
One such global mechanism for methane/air mixture is given in Westbrook and Dryer [62].
Using the finite rate chemistry approach, the detailed reaction can be reduced to only two reaction
involving five species:
CH4 + 1.5O2 → CO + 2H2 O,

(3.11)

CO + 0.5O2 → CO2,

(3.12)

The mass reaction rate for each step is given by Arrhenius expressions as following:

E a1
,
RR 1 = A1T exp −
RT


E a2
m2
RR 2 = A2T exp −
,
RT
m1



(3.13)
(3.14)

where the value of A1 , A2 , m1 , m2 , Ea1 and Ea2 used in simulation are presented in Table 3.1 on
the following page.
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Table 3.1
Parameters used in two-step methane-air combustion
Reaction One
Pre-exponential factor 4.9e9
Temperature factor
0
Activation energy
35500

3.3

Reaction Two
2e8
0
12000

Direct Numerical Simulation of Flame-Acoustic Interaction
As mentioned in the introduction of this chapter, the CFD simulation of flame-acoustic inter-

action consists of the following three steps. The first step is to perform a transient CFD simulation
without excitation velocity at the inlet until a stable and convergent reaction flow solution is obtained. After obtaining the steady flame, the inlet condition is then perturbed and required flow
information is stored. Finally, the flame response function will be reconstructed by postprocessing.
In this section, the specific features of the boundary condition, and the postprocessing method are
discussed.

3.3.1

Inlet Boundary Condition

To determine the response of the flame to velocity modulation, a velocity perturbation will be
imposed at inlet boundary. In this work, a time-dependent velocity function is used as a perturbation
source such that, the inlet boundary condition can be written as:
u(X, t) = u0




u0
1 + sin (2π f t) ,
u0

(3.15)

where f is the perturbation frequency, u0 is the perturbation amplitude, and u0 is inlet bulk velocity.
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3.3.2

Postprocessing of Thermo-Acoustic Response

In order to reconstruct the flame response function from the transient DNS solution, the total
heat release in the computational domain needs to be saved at each time-step. In this work, the
heat release is integrated over the entire computational domain using Eq. (3.16):
Q(t) =

∫

q(X, t)dV =

∫ Õ
N

H f ,i ωÛ i dV,

(3.16)

i

where Q(t) is the total volume heat release, and the H f ,i denotes the specific enthalpy of reaction
i. When total volume heat release curve obtained by transient CFD simulation begins to show
obvious continuous periodic variation, the total volume heat release curve will be postprocessed
using Matlab in order to obtain the FTF. First, the total volume heat release will be split into mean
and fluctuating parts:
Q (t) = Q(t) − Qmean,
0

with Qmean

1
=
T

∫

T

Q(t)dt,

(3.17)

0

After the fluctuating part is obtained, Q0(t) is transformed to the frequency domain by using the
Fourier transformation to obtain the amplitude of the total volume heat release fluctuation. In this
work, the Fourier transformation is calculated as:
Q̂(ω) =

∫

T

Q0(t)e−iωt dt,

(3.18)

0

Then, by applying the definition of the FDF, the flame response function can be determined. In
this work, the FDF predicted by the DNS can be calculated as:
F (ω, u0) =

Q̂(ω)/Qmean
,
u0/u0
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(3.19)

3.4

Conclusions
This chapter described the technical details of the DNS solver used to provide high-fidelity

reaction flow field information. The governing equations and related physical models used in
the DNS solver have been discussed in detail. In addition, methods for postprocessing transient
DNS solution to obtain FDFs were also presented. The accuracy of this DNS solver has not been
validated yet. The validation study is the topic of the next chapter.
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CHAPTER IV
APPLICATION TO THE PREMIXED CONICAL AND M-SHAPE FLAME

4.1

Introduction
In this chapter, the ROM approach proposed in this work and the DNS solver will be validated

by comparing the flame dynamics response and FDF results with experimental measurements.
The validation is conducted in the context of the conical and M-shaped flame configurations
experimentally that were studied by Durox et al. [16].
In this chapter, a brief description of the experimental configurations will be given in Section
4.2. In Section 4.3, a discussion of the CFD setup will be presented. In Section 4.4, the flame
dynamics responses predicted by ROM and DNS are compared with experimental observations to
verify the accuracy of the ROM and DNS solver. Subsequently, in Section 4.5, the accuracy of the
ROM approach and DNS solver are further examined by comparing the predicted FDF with the
experimental results. In Section 4.6, the FDF obtained from the ROM with the physically-consistent
perturbation field will be compared with the FDF obtained from three widely used perturbation
models.

4.2

Description of Test Case
In this numerical study, the same configuration as in the Durox et al. [16] experiment is

considered. The burner used by Durox et al. [16] as shown in Figure 4.1, is an annular duct
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Table 4.1
Experimental parameters.
Quantity
Diameter of Nozzle (mm)
Diameter of Central Rod (mm)

Dimension
2.67
6.0

burner with a converging section. The purpose of the converging outlet is to establish a uniformed
velocity profile at the burner exit. To stabilize the flame and generate different flame shapes in
the experiment, a central rod is placed at the center of converging nozzle which serves as a flame
holder and stabilizer. To perturb the flame, a loudspeaker is placed at the bottom of the burner to
generate acoustic waves and modulate the velocity field. In Table 4.1 the main dimensions of the
burner are summarized.
Three types of flame shapes can be obtained with this burner: conical flame, V-shaped flame
and M-shaped flame. Among them, the conical flame is obtained by anchoring the flame on the
lip of the nozzle, the V-shaped flame is generated by anchoring the flame on the central rod, and
the M-shaped flame is produced by anchoring one end of the flame on the central rod and the
other end on the lip of the nozzle. In the experiment, a relatively small bulk velocity u0 of 2.12
m/s is used as the inlet velocity to keep the conical flame, V-shaped flame and M-shaped flame
stable and to prevent the occurrence of flashback. Systematic tests indicate that perturbing the
M-shaped flame under the fuel-lean condition can easily cause the M-shaped flame to blowoff and
extinguish. Therefore, it is extremely difficult to measure the FDF of the M-shaped flame under
fuel-lean condition. In order to avoid the blowoff of the M-shaped flame and measure the FDF
under the acoustic perturbation, Durox et al. [16] used a fuel-rich methane-air mixture with an
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Figure 4.1

Schematic drawing of the burner [16].

equivalence ratio of 1.08 to improve the stability of the M-shaped flame to ensure that the M-flame
would not blowoff and extinguish after being perturbed.
In the experiment, in order to determine the FDF of the flame under the acoustic disturbance,
the normalized heat release rate of the perturbed flame and the amplitude of the upstream velocity
of the flame need to be measured. In the premixed combustion configuration, the emission of
CH ∗ is proportional to the heat release rate. Therefore, in the experiments of Durox et al. [16],
a photomultiplier tube equipped with a filter that can detect the emission of CH ∗ is employed
to measure and calculate the normalized heat release rate of the disturbed flame. To obtain the
amplitude of the upstream velocity, a laser doppler velocimeter was used to precisely measure the
upstream velocity of the flame. Subsequently, the FDF in the experiment can be calculated as:
F (ω, û) =

IˆCH ∗ / IˆCH ∗0
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û/u0

,

(4.1)

where IˆCH ∗ is the amplitude of the CH ∗ intensity, and IˆCH0∗ is the CH ∗ intensity at the steady-state.
4.3

CFD Setup
A structured 2D stretched grid is used for the DNS. This grid is shown in Figure 4.2, consisting

of the inlet, the central rod, and the annular burner along the longitudinal direction. In the radial
direction, the grid includes an coflow region to mirror the open environment in the experiment.
This structured 2D stretched grid contains about 200, 000 hexahedral cells, and the grid is refined
in the combustion zone to ensure that the chemical reaction on the flame surface can be fully
resolved. The average cell size in the combustion zone is ∆x = 0.05 mm, whereas the laminar
flame thickness is around 0.5 mm, resulting in 10 points per flame thickness. A coarse grid is used
in the near-wall regions of the open environment and the outlet to reduced the computational effort.
In the DNS solver, all walls are treated as no-slip boundary conditions. The walls of the central rod
are fixed at a constant temperature of 300 K, and this is used to ensure the flame always attaches to
the central rod. The adiabatic walls are used for the rest of the walls in the burner. To obtain the
steady flame shape, a constant inlet velocity condition is employed. After the steady flame shape
is obtained, a time-dependent inlet velocity boundary condition is applied to the inlet to modulate
the flow field and perturb the flame surface. In the DNS solver, the second-order finite difference
scheme is employed for spatial and temporal derivatives. A fixed time step of dt = 1e−6 is used in
the simulation to ensure that the chemical reaction and flame dynamics is fully resolved in time.
In the experiment [16], three types of flames are considered. However, in the DNS, only the
conical and M-shaped flame will be simulated. In this numerical study, the DNS approach will
be conducted as follows. First, a DNS without inlet excitation was performed to obtain the steady
58

Figure 4.2

Grid and boundary conditions.

flame. After obtaining the steady conical and M-shaped flame, the FDF and the flame dynamics
response will be determined by exciting the velocity at the inlet using a harmonic wave.

4.4

Flame Dynamics Results from CFD and ROM
In this section, the flame dynamic response to the inflow modulation obtained by DNS and ROM

are compared with the experimental results [16]. Additionally, this section also aims to validate
the proposed ROM approach and employed DNS solver from the flame dynamics perspective.

4.4.1

Conical Flame Case

In Figure 4.3 the conical flame dynamics captured in the experimental measurement, DNS
and the ROM are compared. In the experiment, two different perturbation amplitudes are used
(û/u0 = 10%, 26%) but in the current modeling approach only û/u0 equal to 26% has been modeled.
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This is because the conical flame has a nonlinear dynamic response at a larger amplitude, it is more
suitable to test the accuracy and the ability of the ROM proposed in present study to capture the
nonlinear response.
Compared to measurements, the key geometrical features of the perturbed conical flame, such as
flame tip height, flame wrinkle location, surface topology, and flame pinch-off are well reproduced
by the DNS as well as the ROM. Regarding the conical shape flame, both experimental observations
and DNS solution show that when the flame is perturbed by the inflow, the motion of the flame
surface is dominated by the convective wave, and the wrinkles on the flame surface are almost
propagated to the downstream of the flame at a constant speed. The ROM can capture the same
flame response, revealing that the above-mentioned important mechanisms are all captured by the
perturbation model obtained by performing linear flow analysis.
The Figure 4.4 shows the perturbation model used in the ROM. It can be observed from the
Figure 4.4 that the axial perturbation field obtained by the linear flow analysis has the shape of a
convective wave. Secondly, the interval of multiple convective waves on the flame surface basically
remains the same, indicating that the convective waves propagate downstream at almost uniform
velocity. This fully reproduces the observations in the experiment and DNS.

4.4.2

M-Shaped Flame Case

The comparison of M-flame dynamics captured in the experimental measurement, DNS and
the ROM are displayed in Figure 4.5.
The DNS solution and ROM agree well with the experimental measurement. In the experiment,
the inner and outer surfaces of the M-shaped flame show distinct characteristics; and the outer
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Figure 4.3

Dynamics of acoustically modulated conical flame at 102 Hz and perturbation amplitude
û/u0 = 26%, captured by the experiment [16] (top row), fully-coupled nonlinear simulations
(middle row), and the proposed ROM (bottom row). The experimental image taken from [16].
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surface situated along the shear layer between the jetting fluid and ambient air shows significantly
larger deformation under the modulation. It is evident that the radial perturbation (vortical mode)
induced in the shear layer mentioned hereinabove exerts a crucial role in modulating the flame. In
the ROM, the radial mode obtained by linear flow analysis mainly acts on the outer part of the flame
surface and leads to the deformation, which is in consistent with the flame behavior revealed in the
measurement and DNS solution.The M-shaped flame dynamics are further examined at different

(a) CF 40Hz

(b) CF 102Hz

(c) CF 160Hz

Figure 4.4

Perturbation mode shapes and instantaneous flame geometries obtained from ROM for conical
flame at various frequencies. In each panel, left and right half-planes show the streamwise and
radial perturbation mode shapes, and the curve denotes the flame front, G = 0.
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Figure 4.5

Dynamics of acoustically modulated M-shaped flame at 152 Hz and perturbation amplitude
û/u0 = 25%, captured by the experiment [16] (top row), fully-coupled nonlinear simulations
(middle row), and the proposed ROM (bottom row). The experimental image taken from [16].

frequencies, together with the corresponding flow mode shapes captured via the linear analysis
presented in Figure 4.6.
Figure 4.6 shows that the flame tends to be dominated by uniform perturbation at low frequency which corresponds to an ampler mode structure, while by convective perturbation at higher
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(a) MF 60Hz

(b) MF 152Hz

(c) MF 190Hz

Figure 4.6

Perturbation mode shapes and instantaneous flame geometries obtained from ROM for M-shaped
flame at various frequencies. In each panel, left and right half-planes show the streamwise and
radial perturbation mode shapes, and the curve denotes the flame front, G = 0.

frequency where the modal structure becomes smaller. In addition, this observation also agrees
well with the findings of previous studies. Overall, the results show that the modulating flow
field generated with the proposed method captures the intrinsic flow motion according to the true
physical scenario revealed by experiments.

4.5 Flame Describing Function from CFD and ROM
4.5.1 Conical Flame Case
The comparison of the FDF of conical flame obtained via the experimental measurement, DNS
and the ROM are presented in Figure 4.7. It can be seen that both the DNS and ROM both agree well
with the measurements. Both DNS and ROM are able to quantitively capture the gain with respect
to the perturbation frequency and amplitude. The saturation behavior of heat release fluctuation,
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as well as the rebounds on the gain curves, is also well reproduced in the conical flame case. The
rebound frequencies of the FDF are predicted at 50 Hz which is very close to the measurement.
In addition, experimental measurements, DNS and ROM both show that as the perturbation level
increases, the slope of the phase after 80 Hz gradually decreases, and this happens even for the
case for which the perturbation level is 21.4%. This shows that with the disturbance level and
frequency increasing, phase saturation will appear. This can be related to the nonlinear dynamics
of the conical flame. From this, it can be concluded that the nonlinear response of the conical
flame is captured fairly accurately by the proposed ROM.

Figure 4.7

FDFs of conical flame captured by the experiment [16], fully-coupled nonlinear simulation and
the proposed ROM.
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4.5.2

M-Shaped Flame Case

In Figure 4.8 the measured and predicted FDF for the M-shaped flame are compared. It can
be seen that both the DNS and ROM are able to capture the phenomenon according to which the
M-shaped flame acts as an amplifier at low frequencies. Additionally, the amplitude of the FDF is
well predicted, especially for frequencies larger than 110 Hz. When looking at the phase difference,
the measured and simulated FDF are perfectly matched. From the comparison between simulation
and experimental results, it can be concluded that the phase and gain of the FDF can successfully
be predicted with the application of the proposed ROM approach.

4.6

Comparison with Common Flow Perturbation Models
To further evaluate the efficacy of the proposed modeling strategy, the FDFs predicted by

the proposed ROM were compared with those obtained with common flow perturbation models,
including:
Mode I: u0x = û cos(ωt), ur0 = 0,
Mode II: u0x = û cos(k x − ωt), ur0 = 0,
r
Mode III: u0x = û cos(k x − ωt), ur0 = k û sin(k x − ωt),
2

Models I and II represent uniform and convective perturbations, which were employed in [30, 25] to
derive the analytical flame response in linear regime. Model III was proposed with the consideration
of radial perturbation component to mitigate this deficiency of the first two models in phase-lag
prediction [49, 25].
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Figure 4.8

FDFs of M-shaped flame captured by the experiment [16], fully-coupled nonlinear simulation and
the proposed ROM.
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Figure 4.9 shows the FDFs predicted with different modulation fields for both conical and Mshaped flames. All modulation models lead to reasonably good gain results for the conical flame.
Notable performance differences are observed in the phase-lag prediction. Model I fails in this
regard, and Models II and III cannot yield satisfactory phase-lag predictions at high frequencies.
Model III improves the phase-difference prediction, which is consistent with the results reported
in [29], but, is still not as good as the modulating flow model proposed in the present study. As
for the M-shaped flame, Models I and II failed to capture the amplification effect on the heat
release fluctuation. Overall, the proposed perturbation model clearly outperform the others. This
comparative study illustrates the deficiency of the conventional kinematic model that employs
presumed velocity perturbation field and further substantiate the efficacy of the proposed new
modeling approach in addressing this crucial limitation and delivering high-accuracy predictive
FDF results.

4.6.1

Conclusion

In this chapter, the validation study shows that the ROM predictions of the flame dynamics
and FDF agree well with the experimental measurement and achieve similar accuracy with those
obtained from DNS.
Physically-consistent perturbation field from the linear flow analysis was firstly used as the
modulating field to perturb the flame surface in ROM. The good comparison between the ROM,
DNS, and experimental observation shows that the modulating flow field generated with the
proposed method captures the intrinsic flow motion in the true physical scenario.
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Figure 4.9

FDFs of conical flame (a) and M-shaped flame (b) obtained from ROM predictions with different
perturbation models.
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Finally, a comparison study is performed. The proposed physically-consistent perturbation
model is compared with three common flow perturbation models on conical flame and M-shaped
flame. The results show that whether it is a conical flame or an M-shaped flame, the FDF
predicted by the physically-consistent perturbation model is more accurate than the three common
flow disturbance models which highlight the superiority of the perturbation model via the linear
analysis over the presumed ones.
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CHAPTER V
APPLICATION TO THE CONFINED PREMIXED CONICAL AND V-SHAPE FLAME

5.1

Introduction
The previous chapter shows the ROM’s prediction of flame acoustic response in an open

environment in detail. This chapter will apply the model proposed in this work to a more realistic
combustion configuration to further examine the performance of ROM. In practical scenarios,
burners usually have a small volume. Therefore, flames in the combustion chamber can only
expand in a limited space. When the burner radius is smaller than the burnt gas plume radius, the
upstream velocity of the flame will increase due to the confinement of the burner wall, resulting
in an increase of the flame height in the steady-state condition. It is well known that the flame
response to inflow disturbances strongly depends on the flame shape at steady-state. Therefore, it
is necessary to consider the confinement effect when studying the response of a flame to acoustic
disturbances in an actual combustion configuration.
The main purpose of this chapter is to apply the ROM developed in this study to confined
burners to further test the model’s accuracy. First, the ROM is applied to a confined premixed
methane-air conical flame, and the accuracy of the ROM is then examined by a comparison with
experimental data. A description of the confined burner and the experimental setup are given in
Section 5.2. In Section 5.3, the computational fluid dynamics (CFD) setup will be discussed in
detail. Section 5.4 will discuss how the confinement effect influences the steady base flow and the
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steady flame geometry of the conical flame. In Section 5.5, the predicted flame response will be
compared with experimental data to verify model accuracy. Afterward, the ROM will be applied
to a confined V-shaped flame and compared with the CFD results to test the accuracy of the model.
The CFD setup for the confined V-shaped flame case will be presented in Section 5.6. In Sections
5.7 and 5.8, the steady-state flame and flame response predicted by ROM will be compared against
DNS solutions.

R
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Figure 5.1

Schematic of the burner in the experiment of Cuquel et al. [9]

72

Table 5.1
Experimental parameters.
R(mm)
25.00
18.35
13.35

5.2

Cr
u0 (m/s)
0.44
1.32
0.6
1.32
0.81
1.32

Description of confined conical flame case
This numerical study considered the configuration experimentally studied by Cuquel et al.[9].

Figure 5.1 shows the sketch of the burner in the experiment of Cuquel et al. [9]. The burner is
mainly composed of three parts: the burner nozzle, the quartz tube, and the speaker. The nozzle
outlet is circular with a radius R0 = 11 mm, which is used to anchor the flame and produce a conical
flame. The quartz tube located downstream of the flame is equivalent to the wall of a real burner
and is used to create a confinement effect to a conical flame. The speaker, installed at the bottom
of the burner, is used to modulate the flow and perturb the flame. In the experiments of Cuquel et
al. [9], premixed methane-air mixture was used as fuel and oxidizer, and three different radii of
quartz tubes were considered to confine the flame. The detailed experimental conditions are shown
in Table 5.1.
where Cr is the constraint ratio, defined as the ratio of the burner exit radius to the quartz tube
radius. After a stable conical flame was obtained, the flame was perturbed by the acoustic waves
produced by the speaker. After that, the heat release of the perturbed flame and the corresponding
flame transfer function were calculated by measuring the chemiluminescence emission from the
flame. More details about this method can be found in Chapter 3.
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5.3

CFD Setup for confined conical flames
In the numerical study, three different grids are generated for the burner corresponding to the

three confinement ratios. For these three meshes, the computational domain lengths are 80 mm,
80 mm, and 80 mm, their widths are 13.55 mm, 18.35 mm, and 25 mm, and their meshes are
made of 0.5 million, 0.5 million, and 0.7 million hexahedron cells, respectively. The minimum
grid size is 0.05 mm, which is located at the edge of the nozzle. The maximum grid size is 1.0
mm, which is located at the outlet of the computational domain. In all three meshes, the following
boundary conditions are used. At the inlet, a uniform velocity profile is used as the inlet boundary
condition. At the outlet, the pressure outlet boundary condition is employed. All walls in the
computational domain are treated as no-slip walls. The flame tube walls are adiabatic while the
wall of the nozzle is isothermal with the temperature fixed at 300K, which is to ensure that the
flame is always anchored at the nozzle outlet.
In this study, the methane/air combustion is modeled with a one-step global reaction:
CH4 + 2O2 −→ CO2 + 2H2 O
Û is expressed by the Arrhenius law,
The reaction rate, ω,




ρYCH4 nCH4 ρYO2 nO2
ωÛ = A
exp (−Ea /RT) ,
WCH4
W O2

(5.1)

(5.2)

with the pre-exponential factor A = 2.119 × 1011 in SI unit, the activation energy Ea = 2.027 ×
108 J · mol−1 , nCH4 = 0.2 and nO2 = 1.3.

5.4

Steady flame shapes of confined conical flames
Figure 5.2 shows the steady flame shape under three different confinement ratios in the ex-

periment, CFD and ROM, respectively. From Figure 5.2, it can be seen that initially the flame
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height gradually increases with the increase of the confinement ratio. When the confinement
ratio increases to 0.81, the flame height increases by almost one-third of the initial height. This
phenomenon implies that the confinement effect can increase the axial velocity of the combustion
chamber. In addition, the experiments show that the flame front becomes more elongated in the
axial direction and gradually bends toward the fresh gas as the confinement ratio increases, causing
the profile of the flame surface to change from a straight line to a curved line. When compared
with the experimental results, both CFD simulation and ROM can capture this surface elongation
phenomenon. The flame heights in ROM are also consistent with the experimental measurements
and CFD simulation, which indicates that the proposed Pseudo base flow model can accurately
replicate the confined burner’s internal aerodynamic environment.
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(a) EXP.: Confined conical flame shape

(b) DNS.: Confined conical flame shape

(c) ROM : Confined conical flame shape

Figure 5.2

Steady flame shapes, captured by the experiment [9] (top row), DNS (middle row), and the
proposed ROM (bottom row). In each subplot, panels from left and right correspond to
Cr = 0.44, 0.60, 0.81, respectively.
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When the shape of the flame changes, the corresponding acoustic mode is determined to change
as well. Therefore, it is now worth performing numerical investigations using the linearized
Navier-Stokes equations to discuss changes in acoustic modes when the flame is confined. Figure
5.3 shows the acoustic modes at 50 Hz, 100 Hz, and 150 Hz obtained by linear analysis for
three different constraint ratios, respectively. It can be seen from the Figure 5.3, that the acoustic
modes are significantly altered by the confinement effect. With an increasing Cr , the streamwise
mode becomes more elongated while the radial mode number reduces. Since the perturbations
are convected by the mean flow, these changes in mode shape are a direct result of the growing
streamwise mean-flow velocity due to the confinement effect. In addition, it is not difficult to find
that the confinement effect has more impact on the acoustic mode at low frequencies. This is
because the wavelength of the acoustic mode is larger at low frequencies, so the acoustic mode is
more likely to be confined by the burner, thus changing the position and intensity of the acoustic
mode. This means that the flame response in a confined burner at low frequencies perturbation
will have a different behavior compared to an open environment.
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(a) confined conical flames at 65Hz

(b) confined conical flames at 130Hz

Figure 5.3

Perturbation mode shapes and instantaneous flame geometries obtained from ROM for the
confined conical flames at 65 Hz (a) and 115 Hz (b). In each subplot, panels from left and right
correspond to Cr = 0.44, 0.60, 0.81, respectively; half-planes show the streamwise and radial
perturbation mode shapes. The solid curves denote the fronts of perturbed flame.
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5.5

Flame Response Results from ROM
The predicted FTFs of the confined flames are compared against the experimental data in Figure

5.4. The gain and phase lag predicted by the ROM agree well with those from the measurements
[9], especially in the lower frequency range ( f < 60 Hz). Some discrepancies appear over the
rebounds at the higher frequency range, but the overall accuracy is similar to that observed in
the unconfined flame configuration. It is noteworthy that the consistent growth of phase lag with
respect to frequency is a key feature in the high confinement case (Cr = 0.81), different from the
saturation behavior in the Cr = 0.44 and Cr = 0.66 cases. This feature is likely attributed to the
peculiar mode shapes created under the strong confinement and was not addressed by previous
modeling efforts [9]. It is remarkable that our ROM, which is based on the physically consistent
modulation, is able to capture the phase-lag behavior in the highly confined flame configuration.
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Figure 5.4

FTFs of the confined conical flames with different confinement ratios. ROM (line) and
experimental (dot) results are both obtained with a modulation level û/u0 = 10%. The
experimental data are taken from [9]. The curves in the gain plot are shifted by 0.5 for clarity.
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5.6

Description of confined V-shaped flame case and CFD setup
This section describes the modeling of the confined V-shaped flame response to acoustic

perturbations. Due to the temporary lack of similar experimental and simulation data in the
literature, the computational configuration used in this chapter is a hypothetical configuration,
and the validation of the ROM approach will be conducted via comparisons to DNS results. As
shown in Figure 5.5, the confined burner in the hypothetical case is cylindrical, and a central rod is
placed at the center of the burner to stabilize the flame and generate the V-shaped flame. At room
temperature 300 K, the methane-air mixture is injected into the burner at a very low inlet velocity
1 m/s to ensure self-induced combustion instability is not triggered.

Figure 5.5

Schematic of the hypothetical burner
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Figure 5.6

Mesh for confined V-shaped flame configuration

Figure 5.6 shows the 2D axisymmetric domain used for the CFD, which is 45 mm in length
and 7.5 mm in width. The entire computational domain has approximately 0.5 million hexahedron
cells, and 90% of cells are located in the downstream of the burner. A smaller grid size at the
burner wall is used to mitigate the numerical boundary effect on the behavior of flame dynamics
at the burner wall and improve the numerical stability. For the confined V-shaped flame, the flow
stretch effect is significant in the flame tube region, which greatly reduces the flame thickness at
the flame tip. Therefore, in order to fully resolve the chemical reaction in the flame tip region,
a smaller grid step is required. The smallest grid size in the computational domain is 0.01 mm,
representing approximately one-tenth of the flame surface thickness, and is located at the nozzle
exit and the burner wall. The maximum grid size is 0.2 mm, located at the exit of the burner. In
the hypothetical configuration, the burner wall is set as an adiabatic slip wall condition, which is
aimed at allowing the flame to slip freely on the burner wall to avoid flashbacks. The central rod
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walls are non-slip and isothermal, with the temperature fixed at 300K to ensure that the V-shaped
flame is always anchored to the center rod.
In this study, the methane/air combustion is modeled with a two-step global reaction:
CH4 + 1.5O2 −→ CO + 2H2 O ,

(5.3)

CO + 0.5O2 ←→ CO2 ,

(5.4)

The reaction rate, ωÛ1 , ωÛ2 and ωÛ3 , are expressed by the Arrhenius law,
 

ρYCH4 0.9 ρYO2 1.1
ωÛ1 = A1
exp (−Ea1 /RT) ,
WCH4
WO2


 0.5
ρYCO ρYO2
ωÛ2 = A2
exp (−Ea2 /RT) ,
WCO WO2


ρYCO2
ωÛ3 = A3
exp (−Ea3 /RT) ,
WCO2


(5.5)
(5.6)
(5.7)

with pre-exponential factor A1 = 2 × 1012 , A2 = 6.32 × 107 A3 = 8.11 × 1010 in SI unit, activation
energy Ea1 = 1.46 × 108 J · mol−1 , Ea2 = 5.02 × 107 J · mol−1 and Ea3 = 3.23 × 108 J · mol−1 .

5.7

Steady flow field and flame shape of confined V flame
The steady flow field result of the confined V-shaped is shown in Figure.5.7. It can be seen

from the figure that the upstream flow velocity gradually increases as it approaches the flame front
and then increases sharply after crossing the flame. Further downstream of the flame, the axial
velocity will increase until it grows to 9.6 times the inlet velocity.
Figure 5.8 shows the flame shape obtained by DNS and ROM. It can be seen that the flame shape
in the ROM agrees well with the DNS results. The flame height and flame topology predicated by
the ROM are all consistent with the numerical solution.
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Figure 5.7

Upstream of the axial velocity field plotted on a color scale (units are in m/s) Bottom: axial
velocity field in the confined V-shaped flame.

5.8

Flame Response Results from CFD and ROM
After obtaining the base flow solution of the steady V-shaped flow, the inlet boundary condition

has been excited with mono-frequency constant amplitude harmonic waves to perturb the flame.
The flame response results obtained from the transient CFD simulations are then compared with
the predicted results from the ROM in three aspects: flame dynamics behavior under acoustic
perturbation, flame heat release curves, and flame transfer functions.
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Figure 5.8

Flame shape obtained by DNS versus ROM. The left and right contour plots correspond to the
DNS and the ROM flame shape, respectively

5.8.1

Flame dynamics

The model’s accuracy is first examined by comparing the predicted flame dynamics with DNS
solution as shown in the Figure. 5.9, 5.10 and 5.11. At 50 Hz (Figure. 5.9), the flame surface does
not have any wrinkles, and the confined V-shaped flame surface undergoes a slip-like motion on
the burner wall, which indicates that the confined V shape flame is mainly subjected to a uniform
perturbation. The lack of wrinkles may be explained by the large wavelength (corresponding to a
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low frequency), which may exceed the size of the flame. Compared with the DNS solution, the
predicted flame surface dynamics and motion of the flame tip are highly consistent.

Figure 5.9

Flame dynamics obtained from ROM and DNS at 50 Hz. The background shows the flame
dynamics captured by DNS, and the dark line denotes the flame front, G = 0.

When the frequency reaches 100 Hz and 150 Hz, a wrinkle starts to appear on the flame surface.
In Figure. 5.10 and 5.11, the wrinkle on the flame surface first appears at the anchor point of the
flame and gradually moves downstream of the flame, and the flame height reaches its maximum
when the wrinkles move to the top of the flame. When the wrinkle vanishes, the flame height
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Figure 5.10

Flame dynamics obtained from ROM and DNS at 100 Hz. The background shows the flame
dynamics captured by DNS, and the dark line denotes the flame front, G = 0.

decreases rapidly, but as the flame height drops to the minimum, the wrinkle emerges again at the
anchor point. When compared with the CFD results, the wrinkle on the flame surface is stronger
in the ROM, but the predicted flame motion trajectory in the ROM still agrees with the CFD
simulation. Also, the predicted maximum flame height as well as the minimum flame height are
still consistent with the CFD simulation.
The above highly consistent flame dynamics behavior illustrates that the physically consistent
modulating field in the ROM is able to reflect the acoustic environment in the practical confined
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Figure 5.11

Flame dynamics obtained from ROM and DNS at 150 Hz. The background shows the flame
dynamics captured by DNS, and the dark line denotes the flame front, G = 0.

combustor since the dynamic behavior of the flame in the combustor is mainly driven by acoustic
modulation. It is worth noting that the flame dynamics behavior is also governed by the baseflow. Therefore, the Pseudo base-flow model proposed in this work is also significant for ROM’s
prediction of flame dynamics behavior under acoustic perturbation.
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(a) DNS

(b) ROM

Figure 5.12

Normalized heat release rate obtained from DNS and ROM. In each subplot, red black, and blue
line correspond to f = 50, 100, 150 Hz.

5.8.2

Heat release rate

Figure 5.12 shows the heat release variation of the confined V-shaped flame under acoustic
perturbations obtained by DNS and ROM. The results are divided into three groups by frequency:
50 Hz, 100 Hz, and 150 Hz. It can be seen that the flame heat release variation obtained by
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CFD simulations are not harmonic waves at all frequencies. At the lowest frequency, for example,
they show the characteristic of ramping up towards the maximum at a higher rate compared to the
rate of decrease towards the minimum slowly. The heat release variation obtained from the ROM
shows the same characteristics exhibited in the DNS solution and has the same amplitude from
CFD simulations at 50 Hz and 100 Hz. Although the amplitude of the ROM’s heat release curve
is over predicted at 150 Hz, it still has similar nonlinear characteristics as the DNS solution.

5.8.3

Flame transfer function

Figure 5.13 compares the FTF results obtained by the ROM and DNS. The gain predicted by the
ROM agrees well with the DNS in the entire frequency domain, especially in the lower frequency
range ( f < 60 Hz). Although the ROM slightly over-predicted the gain at high frequencies, it
still captures the same trend from the simulation results. One of the reasons for this discrepancy
may be the enhanced nonlinear interaction of the acoustic-flame-fluid at high frequencies, but the
linear analysis-based perturbation model cannot anticipate this strong nonlinear acoustic mode,
thus reducing the prediction accuracy. The phase difference plot in the bottom panel of Figure
5.13 show a very good agreements between ROM and DNS. Overall, the ROM results are in good
agreement with the direct numerical simulations, which indicates that the ROM can accurately
predict the FTF in the confined combustor.

5.9

Conclusion
In this chapter, the flame dynamics-based ROM was applied to the confined burner configura-

tion. Furthermore, the responses of conical flames and V shape flame to acoustic perturbation in
the confined burner were investigated using an advanced base flow model-Pseudo base flow model
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Figure 5.13

FTFs of the confined V-shaped flame. ROM (line) and DNS (dot) results are both obtained with a
modulation level û/u0 = 10%.

and a physically consistent modulating field combined with G-equation based ROM. To examine
the accuracy of the ROM in the confined combustor, this chapter first investigated the premixed
methane-air conical flame under three confinement ratios and compared prediction results with the
experimental measurements [9] in terms of flame shape and flame transfer function. In general, the
results of the proposed ROM agree well with the experimental measurements [9], thus verifying
the accuracy of the ROM in the confined conical flame.
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The proposed ROM was then applied to another form of flame in the confined burner, the
premixed methane-air V-shaped flame. Due to the lack of experimental and simulation data on
V-shaped flame in the confined burner, this chapter designed a hypothetical configuration and
calculates the heat release variation, dynamics behavior of V-shaped flame, and FTF at different
frequencies by CFD simulation. Subsequently, the same investigation was carried out for the
V-shaped flame in the hypothetical configuration by ROM. The comparison study shown that the
results obtained by the ROM agree well with the CFD simulation results in terms of flame dynamics
behavior, flame heat release variation, and flame transfer function, which verifies the accuracy of
the ROM in the confined V-shaped flame.
Overall, the prediction results of the ROM is found to be in very good agreement with the
experimental measurements [9] and CFD simulations, indicating that the ROM developed in
this work is able to accurately predict the acoustic-flame interaction under actual combustion
configuration, which establishes a solid foundation for the subsequent chapters to study the acousticflame interaction under more complex conditions.
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CHAPTER VI
APPLICATION TO THE UNCONFINED V-SHAPE FLAME AND SWIRL FLAME

6.1

Introduction
In this chapter, the ROM proposed in this work will be applied to the unconfined V-shaped

flame and swirl flame. Compared with the flame configuration investigated in the previous chapters,
quenching phenomenon will occurs in the flame tail region of the unconfined V-shaped flame and
swirl flame due to the special flow environment. However, the flame front tracking equation Gequation used in the ROM cannot simulate quenched flame tails. The reason is that the G field
used to describe the flame front in the ROM is a continuum manifold, and therefore discontinuous
flame structures such as quenched flame tail cannot be captured in the framework of G-equation.
From the combustion perspective, quenching means that the flame heat release rate becomes zero.
Therefore, a flame with a quenched flame tail can be characterized by the flame heat release rate.
To enable the ROM to calculate the flame heat release rate, a chemical table based heat release
model is proposed in this chapter and combined with the ROM to characterize the flame surface.
In addition, the flame speed will also change in an unconfined environment due to variation of
the equivalent ratio in the ambient air. To account for that, an equivalent ratio dependent flame
speed model have been employed in the ROM, and the chemical table method is used again when
constructing this new flame speed model.
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In Section 6.2, the construction process of the heat release model and equivalent ratio dependent
flame speed model will be present. Subsequently, the premixed methane-air unconfined V-shaped
flame configuration is introduced in Section 6.3. In Section 6.4, the accuracy of the flame
heat release model coupled in the ROM is verified by comparing the flame shape obtained by
ROM and DNS. The accuracy of ROM for flame dynamics prediction and flame transfer function
prediction under acoustic perturbation will be further investigated in Section 6.5. In Section 6.6,
the experiment configuration and CFD setup for the swirl flame will be presented. In Section 6.7,
ROM predicted flame shape will be compared with experiment and DNS to examine the accuracy
of the model predictions for steady swirl flame shape. Finally, the predict flame dynamic and FTF
will be compared with the experimental results in Section 6.7 and Section 6.8, respectively.

6.2

Heat release model and flame speed model
In this section, the reaction process variable used to track the fuel concentration, and the

transport equation for the process variable will be introduced first. Then, the process of constructing
the chemical table will be discussed in detail.
Experiment studies [18, 61, 11] have shown that flames will quench in the fuel-lean region
and low-temperature region, which means that the flame heat release rate mainly depends on the
temperature and fuel concentration. Therefore, to calculate the flame heat release rate of unconfined
V-shape flame in the ROM, the temperature field and reaction process variable are required. In the
ROM, the G-equation is equivalent to the temperature scalar field, but the reaction process variable
which used to characterize the fuel concentration is undefined. Therefore, a reaction process
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variable needs to be introduced to the ROM. Typically, reaction process variables are defined using
scalar mass fractions. Here it is defined using water mass fraction, YH2O ,
Z=

YH2O
b
YH2O

(6.1)

where the superscript b indicates the burnt mixture. From the definition of the reaction process
variable Z, it is clear that Z is 0 in the unburnt mixture and 1 in the products. In the ROM,
chemical reactions are not considered, so the transport process of the reaction process variable
Z is just a combination of convection and diffusion. Therefore, the transport process for Z is
governed by,
∂Z
+ u · ∇Z = D∇2 Z
∂t

(6.2)

where D is the molecular diffusivity of Z, u is the pseudo base flow. To solve this convectiondiffusion equation, a finite difference approach with a fifth-order WENO scheme and a fourth-order
RK scheme is employed. The reaction process variables are now well defined and become solvable
in the ROM. The next step is to generate a chemical table so that the ROM can calculate the heat
release rate from the chemical table with the reaction process variables and the signed distance
field.

6.2.1

Table construction process

The table construction process is as follows. First, the combustion configuration is simulated
using DNS to obtain the same steady flame shape as the experiment. Since there is no sign distance
field in the simulation results, it is necessary to construct the sign-distance field by the temperature
field of the flame to facilitate the table lookup of the ROM. In this work, the isothermal contour
line corresponding to the maximum heat release rate is selected as the flame front, and the signed
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distance field G is constructed from the flame front using the distance calculation method. Then,
the Equation (6.1) is used to calculate the reaction process variable in the computational domain.
In this way, the reference sign-distance field and the reaction process variable of the steady flame
are obtained. Next, we map the obtained contour line of the sign-distance field and the process
variable field to the heat release rate field, and store the heat release rate value, sign-distance
field value, and process variable value at the intersection of the contour line into the chemical
table. In this way, the heat release rate information obtained through simulation will be recorded
in detail in the chemical table and can be accessed by the reduced-order model using the reaction
process variable and sign-distance field. Figure 6.1 shows the local heat release rate field of the
unconfined V-shaped flame, the contour lines of the process variable field, and the contour lines
of the sign-distance field. It can be seen from this figure that the grid formed by the contour
lines of the process variable field and the sign-distance field can adequately cover the burning and
extinguishing regions of the unconfined V-shaped flame. Therefore, the heat release rate in the
burning and extinguishing regions is well stored in the chemical table. Then in the ROM, this heat
release rate will be used to characterize the flame surface, so that the unconfined V-shaped flame
can be captured by the ROM. In order to investigate the accuracy of the established chemical table,
the modeled heat release field of the unconfined conical flame will be calculated using the table
method and compared with the DNS solution in Section 6.4.

6.2.2

Equivalent ratio dependent flame speed model

When the flame moves in the mixing layer, the flame speed will change significantly, because
the flame speed is related to the equivalence ratio in the mixing layer. Therefore, when using
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Figure 6.1

Heat release rate for the unconfined V-shaped flame. The white line denote the isothermal line
and the green line stand for the contour line of the process variable
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Figure 6.2

Flame speed of methane-air flame obtained from detailed chemistry [59] and two-step finite
chemistry.

ROM to study the unconfined combustion configuration where the equivalence ratio changes, the
flame speed in the ROM can no longer be regarded as a constant but should be considered as
a function of the equivalence ratio. In order to obtain the relationship between the flame speed
and the equivalence ratio, this study simulates one-dimensional laminar premixed flames with 10
equivalence ratios, and calculates the corresponding flame speed. To verify the accuracy of the
calculation, the simulated flame speed was compared with the experimental results. As shown in
Figure 6.2, the simulation and experimental results are in good agreement. Finally, the equivalence
98

ratios are converted to reaction progress variable and stored in a table with the flame speed. In
the calculation of the ROM, the flame speed can be obtained by look up the this table through the
reaction progress variable.

6.3

Description of the unconfined V shape flame case and the CFD setup
The unconfined V-shaped flame configurations investigated experimentally by Lacoste et al.

[28] is considered to validate the ROM and proposed heat release model. In their burner setup, the
CH4/air mixture with an equivalence ratio of 1.08 is issued from a nozzle of 7 mm in diameter.
A rod of 2 mm in diameter is placed at the center of the exit plane, serving as a flame stabilizer.
The mean bulk velocity u0 is 1.26 m/s. Figure 6.3 is a sketch of the burner in the experiment of
Lacoste et al. In the simulation, the grid used is a stretching grid with a cell count of about 1.1
million. The boundary condition at the inlet is represented by a uniform velocity of 1.26 m/s. In
the experiment, the flame is directly situated in ambient air; thus for the simulation we set a slow
air coflow at a speed of 2%u0 to ensure the well-posedness. All walls in the computational domain
are considered as no-slip boundary conditions. In the simulation, a constant temperature 300 K
boundary condition was applied to the nozzle walls to ensure that the flame is always anchored at
the nozzle outlet. Otherwise, all walls are considered adiabatic.

6.4

Steady flame shape of V shape flame
Figure 6.4 shows the unconfined V-shaped flame structure in the DNS, including the mass

fraction of CH4 and the normalized flame heat release rate. Here, the normalized flame heat
release rate is used to characterize the flame topology of the unconfined V-shaped flame. As shown
in the figure, CH4 is mainly distributed near the nozzle, but the convection and diffusion effects of
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Figure 6.3

Schematic of the burner in the experiment of Lacoste et al. [28]

the flow field cause a small amount of CH4 appear outside the nozzle. As CH4 diffuses outward,
it indicates that the reaction and flame surface will also be present outside the nozzle. Along with
this diffusion process, the mass fraction distribution of CH4 becomes increasingly curved, which
means that the flame bends as it burns on the outside of the nozzle. On the other hand, considering
the heat release rate of the premixed unconfined V-shaped flame, the flame heat release rate in
the nozzle downstream is significantly larger than that outside the nozzle, which indicates that
the flame front is mainly located on the nozzle side. At the outside of the nozzle, the flame heat
release rate gradually decreased to zero, indicating that the flame surface was propagated to the
open environment and gradually extinguished with the decrease of CH4 mass fraction. It can be
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seen from the above qualitative analysis that convection and diffusion are the main reasons for the
formation of complex structures in unconfined V-shaped flames in an open environment.
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(a) Heat release rate

(b) CH4 mass fraction

Figure 6.4

Heat release rate and CH4 mass fraction obtained from DNS for unconfined V-shaped flame.
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In order to describe the complex structure of the unconfined V-shaped flame, the heat release
model and equivalent ratio dependent flame speed model are introduced into the reduced order
model to calculate the heat release rate along the flame surface and to adjust the flame speed in the
mixing layer. The details of these models are given in Section 6.2 Figure 6.5 shows contour plots
of the unconfined V-shaped flame heat release rate, G-field, and reaction process variable in the
ROM. In contour plots, Zone 1 represents the nozzle region and Zone 2 represents the open region.
In the contour plot of the reaction process variable, the process variables in Zone 1 are not affected
by the mixing effect, therefore, Z is constant and the flame speed does not change at Zone 1. As a
result, the flame surface characterized by the G-field will not be bent. On the contrary, in Zone 2
where the mixing effect occurs, the mass fraction of CH4 decreases, the flame speed decreases, and
the flame surface characterized by the G-field appears to bend. This is consistent with the above
qualitative analysis results.
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(a) Sign distance field: G-field

Zone 1

(b) Heat release rate from ROM

(c) Reaction process variable, Z

Figure 6.5

G-field, heat release rate, and reaction process variable obtained from ROM for unconfined
V-shaped flame.
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On the other hand, in the contour plot of the heat release rate, the distribution of the heat
release rate downstream of the nozzle does not change over the flame surface characterized by the
G-field. However, when entering Zone 2, the heat release rate of the flame rapidly decreases to
zero, which means that the unconfined V-shaped flame is rapidly quenched in the open environment
which is consisted with the DNS solution. From this qualitative analysis, it can be seen that the
ROM coupled with the heat release model and equivalent ratio dependent flame speed model can
reproduce the phenomenon of flame surface bending and quenching observed in the simulation.
By comparing the flame release rate results obtained by DNS and ROM, it can be found that
the flame quenching position in the ROM is consistent with the simulation results, and the flame
bending level in the mixing layer of the ROM is also in high agreement with the simulation results,
which verifies the accuracy and precision of the heat release model and equivalent ratio dependent
flame speed model proposed in this chapter.

6.5

Flame Response Results Discussion
In this section, the ROM of the unconfined V-shaped flame is constructed using the base flow

information from numerical simulations. Subsequently, the FTF of the unconfined V-shaped flame
is predicted by ROM, and compared with experimental results [28] to verify the accuracy of the
model. To further examine the accuracy of ROM prediction of the flame dynamics behavior of
the unconfined V-shaped flame under acoustic perturbations, the dynamics behavior of an unconfined V-shaped flame was numerically simulated by adding single-frequency harmonic velocity
perturbations to the inlet boundary conditions, and the results were compared with the ROM
prediction.
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6.5.1

Flame transfer function

The experimentally measured flame transfer function [28] and the predicted results of ROM
are shown in Figure 6.6. First, the prediction accuracy of the ROM is examined by comparing
the gain and phase difference of the unconfined V-flame transfer function in the experiment and
the ROM. The gain obtained by experiment shows that the gain approaches unity as the frequency
approaches zero. When the frequency is between 0 and 30 Hz, the gain first decreases to about 0.9
and then returns to unity. This gain variation is well reproduced by ROM. From 30 Hz to 110 Hz,
the experimental gain gradually increases and reaches the peak at 110 Hz. In the ROM results, it
can be seen that the gain also starts to increase from 30 Hz, but reaches the peak at 80 Hz. After
reaching the peak, the experimental gain will decrease monotonically eventually to 0.1. In the
ROM, the gain after reaching the maximum value has the same trend as the experimental results
[28] and eventually decreases to 0.2. In the phase diagram, the phase prediction result of the ROM
is in very good agreement with the experimental result especially for low frequencies [28], showing
a monotonic increasing trend and having a similar slope. Overall, the gain and phase predicted by
the reduced-order model have the same trend as the experimental results, and the predicted gain
maximum and slope of the phase are very close to the experimental results [28]. However, the
frequency corresponding to the maximum gain predicted by the reduced-order model is lower than
the experimental measurements [28]. One explanation is that there is an inconsistency between the
direct numerical simulation results of the V-shaped flame used to construct the ROM and lack of
the sufficient physical information from the experiment [28], which lower the prediction accuracy
of the reduced-order model.
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Figure 6.6

FTF of the unconfined V-shaped flame. ROM (solid line), DNS (dash line), and EXP (square)
results are both obtained with a modulation level û/u0 = 10%.
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In order to verify this conjecture, the gain and phase of the unconfined V-shaped flame transfer
function at low frequencies of 50, 75, 100 Hz and at high frequencies of 200, 250, and 300 Hz
were calculated by direct numerical simulations. From Figure 6.6, it can be seen that the ROM
predictions have the same trend as the gain and phase obtained by DNS, and both reach the peak
at 80 Hz and have comparable maximum gain values. This shows that the prediction accuracy of
DNS determines the upper limit of the prediction accuracy of ROM. It is concluded that ROM
is able to predict the flame transfer function of the unconfined V-shaped flame accurately but is
affected by the accuracy of the direct numerical simulation results and therefore diverges a little
bit from the experimental results at peak frequency prediction.

6.5.2

Flame dynamics

Figure 6.7 shows the flame dynamics behavior obtained by DNS and ROM at a perturbation
frequency of 50 Hz. It can be seen that as the disturbance begins to unfold (the first panel in
Figure 6.7), the flame surface above the nozzle begins to rise, while the flame surface at the nozzle
outside remains stationary, thus increasing the curvature of the flame surface in the mixed layer
and generating a roll-up. As the flame surface above the nozzle rises further, the flame surface
at the outside of the nozzle begins to be stretched by the inner flame and starts to move to the
downstream, causing the roll-up move in the radial direction and gradually weaken. When the
roll-up of the flame surface completely disappears, the V flame height reaches its maximum. Then,
the flame height quickly fell back to the initial height, and roll-up appeared again. Compared to
the CFD simulation, the key geometrical features of the unconfined V-shaped flame, such as the
flame height, flame front roll-up, and surface topology, are well reproduced in the ROM.
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(a) DNS 50Hz

(b) ROM 50Hz

Figure 6.7

Instantaneous snapshots of acoustically-modulated unconfined V-shaped flame at 50 Hz and
perturbation amplitude û/u0 = 10%.
109

(a) DNS 150Hz

(b) ROM 150Hz

Figure 6.8

Instantaneous snapshots of acoustically-modulated unconfined V-shaped flame at 150 Hz and
perturbation amplitude
110 û/u0 = 10%.

Figure 6.8 shows the flame dynamics behavior at 150 Hz obtained by DNS and ROM, respectively. The unconfined V-shaped flame dynamics at 150 Hz does not behave much differently
compared to the 50 Hz results. It shows the same characteristic that as the flame front rises up, the
roll-up increases, then flame roll-up moves in the radial direction and gradually decreases. The only
difference is that for the 150 Hz modulation, the roll-up still exits when the flame height reaches
its maximum. In the results of the ROM, the same phenomenon can also be found. Overall, it is
illustrated that ROM coupled with the heat release model can accurately predict the flame dynamics
under acoustic perturbations.

6.6

Description of confined swirl flame case and CFD setup
In order to study the prediction accuracy of ROM in the swirl flame, the same conditions as

the experiments of P.Pailes et al. [38] were considered. Figure 6.9 shows the burner sketch in
their experiment. This swirl burner is mainly composed of four parts, flame tube, central rod,
swirler, and the speaker installed at the bottom of the burner. The flame tube is the equivalent of
the wall in a real burner and is used to confine the flame. A central rod is placed in the center of
the burner with a cone shape at the end of the rod , which is to reduce the flashback and improve
the stability of the flame in the rotating flow. The swirler is mounted on the central rod and is
employed to generate the rotation flow. At the bottom of the burner is the speaker, which is used
to generate an acoustic wave to disturb the swirl flame. In their burner setup, a CH4 /air mixture
with an equivalence ratio of 0.7 was issued to the flame tube at a constant velocity of 2.67 m/s. By
calculation, the Reynolds number at the nozzle outlet is about 3500, which indicates that the swirl
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Table 6.1
Experimental parameters.
Equivalence ratio
Injector bulk velocity (m/s)
Swirl number
0
Acoustic modulation level Uu 0
Flame tube diameter (mm)
Injector diameter (mm)

0.7
2.67
0.55
0.55
70
22

V-shaped flame in the experiment [38] is a turbulent flame. Table 6.1 lists the parameters of the
experiment.
To reduce the computational cost, the DNS is performed in a two-dimensional axisymmetric
computational domain. Although the computational complexity is greatly reduced by using the axisymmetric assumption, it also makes DNS unable to capture the symmetry breaking phenomenon
caused by turbulence. Considering that the Reynolds number (less than 5000) in the experiment is
relatively low and the flame still has a symmetrical shape in the experiment, therefore, it is acceptable to use the two-dimensional axisymmetric assumption. In the DNS, a grid stretching technique
is used to ensure that the area close to the flame surface has a finer mesh to fully resolve the flame
surface, while the area downstream of the flame with a low heat release rate has a coarser mesh to
reduce the computational cost. The smallest grid size is 0.01 mm, which is about one-tenth of the
flame thickness, and the coarsest grid size is 0.2 mm, resulting in a cells number about 0.8 million.
In the computational domain, the walls of flame tube, central rod are considered as non-slip walls.
To ensure that the V-shaped flame is obtained in the simulation, the fixed temperature of 600 and
650 K are used at the bottom of the flame tube and the central rod, respectively. In turbulent
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combustion, the flow stretch effect of the eddies on the flame surface increases the reaction rate
thus thickening the flame surface. Therefore, to capture the same flame geometry as in experimental observations, the the flame-turbulence interaction must be considered in the calculation. The
Eddy-Dissipation concept model is employed here to simulate flame-turbulence in the turbulent
combustion, and a two-step finite chemical reaction model is used as the combustion mechanism
of methane-air flame.

Figure 6.9

Schematic of the burner in the experiment of P.Pailes et al. [38]
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6.7

Steady flame shapes of swirl flame
Figure 6.10 shows the swirl flame flow field obtained by DNS. It shows the basic characteristics

of the swirl flame flow field, including the free jet at the entrance, the recirculation zone formed
near the wall, and the recirculation zone formed above the central rod. Subsequently, in order
to verify the accuracy of the DNS flow field, in Figure 6.11, the mean profiles of the axial and
azimuthal velocities at 4 mm downstream of the nozzle outlet were compared with LDV results,
and the velocity profiles obtained from the simulation were found to be in good agreement with
the experiment.
From the flame heat release rate distribution Figure 6.12, it can be seen that the swirl flame
is anchored on the central rod and propagates downstream along 45o after passing through the
free jet region, forming a V-shape. Near the wall, the presence of the recirculation zone causes
the burnt gas to flow back to the wall corners and diffuse in the recirculation zone, resulting in a
lower fuel concentration in the near-wall region, which leads to the extinction of the swirl flame in
the recirculation zone at the wall. Figure 6.12 shows the flame heat release distribution obtained
from ROM, experiment [38] and DNS. By comparing Figure 6.12(b) and Figure 6.12(c), it can be
observed that the premixed swirling V shape flame obtained by DNS has the same flame inclination
angle, flame height, and flame quenching location as the experimental result [38]. Next, a ROM
of the premixed swirl flame was constructed based on the flow field information of the DNS, and
the flame heat release rate obtained by ROM is shown in Figure 6.12(a). It can be seen that the
flame shape obtained by the ROM agrees well with the DNS and experimental result [38] in terms
of flame height and quenching position. This shows that the ROM can replicate the steady-state
flame geometry and the corresponding aerodynamic environment of the swirl flame.
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Figure 6.10

Time average of the axial velocity field plotted on a color scale (unit is in m/s)

6.8

Flame Response Results Discussion
This section will examine the accuracy of the ROM prediction of swirl flame from the perspec-

tive of flame dynamics behavior and flame transfer function.
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Figure 6.11

Velocity profiles of time average axial velocity component (left) and azimuthal velocity
component (right) in a section located at 4 mm downstream of the injector outlet. The solid curves
denote the DNS results and the dot points stand for the experimental measurement results [38]

6.8.1

Flame dynamics

Figure 6.13 shows the comparison of the instantaneous profiles of modulated flames captured
by the experimental measurements [38] and the ROM. Top row of Figure 6.13 is the 60 Hz phaselocked images recorded in one oscillation period, and the phase angle between each image is 60o .
From 0o to 60o , the swirl shape flame tail is affected by the convective roll-up motion and begins
to bend, while the flame surface is slightly lifted and the flame incline angle begins to increase.
From 120o to 180o , the roll-up begins to act on the main body of the swirl flame, causing the flame
height to increase rapidly and begin to bend towards the center rod. After 240o , until 300o , the
116

(a) ROM

(b) EXP

(c) DNS

Figure 6.12

Swirl flame heat release rate.
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flame surface area decreases, and the flame tail moves towards the backplane. Compared with the
experimental results, the predicted results of ROM are similar to the experimental observations in
terms of flame shape, flame height and roll-up dynamics behavior of the flame tail.
Figure 6.14 shows the 90 Hz case. Between 0o to 120o , the flame surface is decreasing and the
flame height is shirking to one-third of the initial height at 120o . From 180o to 300o , vortex roll-up
begins to act on the tail of the flame, causing the tail of the flame to bend significantly, while the
flame begins to rise and the flame surface area begins to increase. The flame dynamics observed in
the experiments also be observed in the ROM predictions. From the above comparative studies, it
can be found that the proposed ROM is able to capture the unique flame dynamics behavior of swirl
flame, such as flame roll-up, flame incline angle change, and flame surface area variation. Overall,
it illustrates that the proposed ROM can well replicate the flame dynamics in swirl configuration.

6.9

Flame transfer function
The experimentally measured flame transfer function [38] and ROM prediction results are

shown in Figure 6.15. Experiment shows that from 0 to 60 Hz, the gain of the FTF gradually
decreases and reaches a local minimum of 0.2 at 60 Hz. Compared with the experimental results,
although the gain predicted by the ROM also decreases gradually at low frequencies, it has an overpredict local minimum and a corresponding frequency are much smaller than the experimental
results. When the experimental frequency is increased from 60 to 100Hz, the gain increases
monotonically and reaches a global maximum at 100 Hz with a peak value of about 1.3. A gain
greater than one indicates that the swirl flame can amplify the acoustic disturbance. Similar to the
experimental gain, the gain predicted by ROM also starts to increase monotonically after reaching
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Instantaneous snapshots of acoustically-modulated swirl flame at 60 Hz and perturbation amplitude û/u0 = 51%„ captured
by the experiment [40] (top row) and the proposed ROM (bottom row).

Figure 6.13
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Instantaneous snapshots of acoustically-modulated swirl flame at 90 Hz and perturbation amplitude û/u0 = 51%, captured
by the experiment [40] (top row) and the proposed ROM (bottom row).

Figure 6.14

a local minimum, and finally reaches the gain peak at 75 Hz with a value of 1.15. Although the
peak frequency predicted by ROM is smaller than the experimental results, it still predicts a gain
greater than unity. This indicates that the ROM can capture the amplification effect of the swirl
flame on acoustic perturbations. Beyond 100 Hz and up to 150 Hz, the flame gain starts to decrease
again and reaches a local minimum at 150 Hz. The ROM predictions show similar results, with
the gain of the ROM gradually decreasing from 1.15 to 0.8 from 75 Hz to 130 Hz. From 150Hz
to 350Hz, the gain of the FTF will first increase, then decrease, then increase again and finally
drop to zero. In this frequency interval, the predicted gain of ROM has the same trend as the
experimental measurement, and the local minimum is also consistent with the experiment. For
the phase difference, the experiment shows that the phase difference of the swirl flame shows an
increasing trend with increasing frequency. While the phase predicted by ROM has the same trend
as the experiment and has a similar slope as the experiment [38].
From the above analysis, it shows the gain predicted by the ROM is slightly different from
the experimental results at low frequencies ( f < 100). This discrepancy may be caused by the
fact that the flame speed model used in the ROM does not account for the turbulence effect. In
turbulent combustion, the flame speed will oscillate due to flow perturbation. However, this flame
speed oscillates is not considered in the ROM’s flame speed model. But as frequency increases,
the difference between ROM and experiment decreases and shows the same trend. Therefore, on
the whole, ROM is able to predict the FTF of the swirl flame. It indicates the proposed ROM
which is based on the physically-consistent modulation is able to capture the flame response to the
acoustic perturbation in a swirl flame configuration.
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Figure 6.15
FTFs of swirl flame obtained from the experiment [38] and the ROM.

6.10

Conclusion

This chapter applied the proposed ROM to the unconfined V-shaped flame and the swirl flame.
To make the ROM able to capture the flame shape consistent with the experimental observation, a
flame heat release model and an equivalent ratio dependent flame speed model are developed in this
chapter based on the chemical table method. The flame heat release model was used to calculate
the heat release rate and to characterize the flame surface, and the new flame speed model is used
to introduce the effect of equivalent ratio to flame propagation. In the heat release model, the heat
release rate of the flame was assumed to be a function of only the reaction progress variable Z
and the sign distance field G. The reaction process variable in the model was obtained by solving
the transport equation, and the sign distance field comes from the G-equation. The chemical table
was established based on the results of DNS using a two-step methane-air finite chemistry model
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as the combustion mechanism. The flame speed table used in the flame speed model was based on
a series of one-dimensional simulations of methane-air premixed flames. The heat release model
and the equivalent ratio dependent flame speed model were then used to replicate the unconfined
V-shaped flame in ROM and compared with the DNS results. The model’s accuracy were verified
by the good agreement of the flame shape.
In this chapter, the FTF and flame dynamics behavior of unconfined V-shaped flame and swirled
flame under acoustic perturbation were then predicted using ROM coupled with the proposed heat
release model and equivalent ratio dependent flame speed model, and are compared with the
DNS and experimental results [28]. By comparing ROM with experimental measurements and
DNS solution, it was found that the flame dynamics predictions of ROM for unconfined V-shaped
flames were in good agreement with the DNS solution. However, the predicted FTF gain was
slightly deviated from the experimental measurements at low frequency, but still has the same
trend in terms of the gain curve. The numerical study of this work pointes out that the discrepancy
between ROM and experiments was caused by the difference between the CFD setup and the true
physical environment of the unconfined combustion configuration. For the swirl flame, the flame
dynamics predicted by the ROM agrees well with the experimental results, and the ROM was able
to capture the experimentally observed flame roll-up and vortex flame interactions, which validates
the accuracy of the ROM prediction of flame dynamics. When using ROM to predict the FTF of a
swirl flame, the ROM predictions differ from the experimental results [38] at low frequencies, and
the main reason for this discrepancy was that the effect of turbulence on the flame speed was not
considered.
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CHAPTER VII
CONCLUSIONS AND ONGOING WORK

7.1

Conclusion
In this work, a predictive and efficient reduced-order modeling technique was proposed for

predicting the flame heat release changes and flame dynamics behavior under acoustic perturbation,
which lays the foundation for fast and accurate prediction of possible combustion instability in the
combustor in the future. In this work, the implementation of ROM, such as the governing equations,
the spatial discretization and time advancement of variables, the treatment of boundary conditions,
and the construction of the base flow and acoustic disturbance fields in ROM were described
in detail. Subsequently, the heat release response and dynamics behavior of conical flame, Mshaped flame, confined conical flame, confined V-shaped flame, unconfined V-shaped flame, and
swirl flame under acoustic perturbation were investigated using the developed ROM. The research
methodology in this dissertation consists of the following steps: Firstly, the ROM was applied to
the conical flame and M-flame, and the accuracy of the ROM was verified by comparing with the
experimental results. Then, the ROM was applied to the practical combustion configuration, i.e.,
the confined conical flame and the confined V-shaped flame, and compared with the experimental
and numerical simulation results to further examine the accuracy of the ROM. Next, a flame heat
release model was proposed to characterize the flame surface in the open environment, and an
equivalent ratio dependent flame speed model was proposed to characterize the variation of flame
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speed at the mixing layer. The developed ROM was then coupled with the flame heat release model
and the equivalent ratio dependent flame speed model and applied to the unconfined V-shaped flame
and the swirl flame. Finally, the predicted results of the ROM were compared with experiment
and DNS solution to further examine the accuracy of the model in the unconfined and swirl flame
configurations.

7.2

Overview of work completed
The governing equation used in the ROM was G-equation, and a numerical solver based on

the levelset method was implemented independently for solving G-equation in this work. In the
levelset solver, in order to ensure the calculation accuracy, the fifth-order HWENO scheme was
used to discretize the spatial derivatives, and a four-step third-order Runge-Kutta method was
employed for time advancing. In order to improve the computational efficiency, the Narrowband
method was implemented in the level set solver to make the numerical calculation only focus on
the flame surface region, thus significantly reducing the computational effort and increasing the
solver’s operation speed. Subsequently, the levelset solver was validated by the benchmark test
case of Vortex Drop and bunsen burner flame. The main contribution of this work was to extend
the current ROM to a more complex combustion configuration, which requires a more realistic
flow field for G-equation to replicate the flame shape and to model the acoustic environment under
actual combustion conditions. For this reason, first, a base flow model based on the flow field
information from DNS - Pseudo base model was proposed in this work to replicate the steady
flame shape. The procedure of constructing the Pseudo base flow model was also elaborated
by using the constrained V-shaped as an example. After comparing the flame shape obtained
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from the Pseudo base flow model with the results from DNS, it was found that the Pseudo base
model proposed in this work enables the ROM to accurately replicate the flame shape in the
DNS. Secondly, a new perturbation model was proposed to model the acoustic modulation field
in the burner. This physically-consistent perturbation field was obtained by solving the linearized
Navier-Stokes equations in the frequency domain. After comparing the mode obtained from the
linearized Navier-Stokes solver with the first mode obtained by POD analysis, it was found that
the physically-consistent perturbation field proposed in this work can reflect the actual acoustic
environment in the burner.
Chapter 3 of this work was an accompaniment to the proposed ROM construction method,
because information from the flame such as density, temperature, velocity field, etc., was required to
construct the Pseudo base model and solve the linearized Naiver-Stokes equation. Therefore, a DNS
of the combustion configuration was necessary to obtain the required information in constructing
the ROM. In this chapter, the governing equations, combustion model, transport property, and the
method for exciting velocity field perturbations used in direct numerical simulations were given
in detail. To valid this DNS solver, the conical and M-shaped flames under acoustic perturbation
were studied numerically. By comparing the DNS solution of FTF and flame dynamic with
the experiments, it was found that the combustion model and the method for exciting velocity
perturbations used in the DNS were reasonable, and the DNS solver was accurate.
In Chapter 4, the dynamics behavior of conical and M-shaped flames under acoustic perturbations and the flame description functions were predicted using the ROM approach in combination
with detailed flame information obtained from DNS. First, by observing the flame structure under
perturbations, the number of wrinkles on the flame surface was found to be correlated with the per126

turbation frequency. By analyzing the interaction between the flame and the perturbation field, the
mechanism of the acoustic mode acting on the flame surface was revealed. As frequency increases
,the size of the acoustic mode decreases, thus more acoustic modes emerge on the flame surface
at high frequencies, resulting in an increase in the number of wrinkles on the flame surface. This
prediction was consistent with the experimental observation and shows that the perturbation model
proposed in this work was consistent with the real physical principles. For conical flames, when
the disturbance amplitude was significant, the intense acoustic mode will squeeze, stretch, bend or
even break the flame surface and produce the nonlinear phenomenon known as flame pocket. The
ROM proposed in this study can also capture the nonlinear phenomenon of flame pocket, which
indicates that the proposed ROM method can predict the nonlinear interaction between acoustic
waves and flame. The flame description function predicted by the ROM also agrees well with the
experimental measurement results, which verifies the accuracy of the proposed ROM.
In Chapter 5, ROM was applied to the flame in the confined burner. For the confined conical
flame, the experiment of Cuquel et al. [9] indicates that as the confinement ratio increases the
axial velocity of the flame increases, the flame height growth, and the flame face starts to bend.
The same steady flame shape evolution behavior was also observed in the ROM. And the flame
height and flame surface topology predicted by the reduced-order model were in high agreement
with the experimental observations of Cuquel et al. [9], which verify the accuracy of the ROM
for replicating the steady geometry of the flame in the confined combustor. For the FTF of
a confined conical flame, the ROM predictions of gain and phase difference agree well with
experimental measurements, verifying the accuracy of ROM prediction of flame response under
acoustic perturbation. For the confined V-shaped flame, due to the lack of experimental studies, a
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hypothetical configuration was proposed, in which the flame transfer function and flame dynamics
behavior at different frequencies of disturbance were first calculated by DNS, which were then
used to validate the accuracy of the ROM to the confined V-shaped flame. By comparing the flame
transfer function and flame dynamics obtained by DNS and ROM, it was found that the predicted
results of ROM were consistent with the DNS results, which verifies the accuracy of ROM in
confined V-shaped flame.
In Chapter 6, the current application range of ROM was extended by introducing flame heat
release model and equivalent ratio dependent flame speed model in ROM to predict the response
of general V-shaped flames, such as unconfined V-shaped and swirl flame. The heat release model
and equivalent ratio dependent flame speed model in ROM were developed based on the chemical
table method. The flame heat release model was used to calculate the heat release rate of the
flame and characterize the flame surface, and the new flame speed model was used to introduce
the effect of equivalence ratio variation into the propagation of the flame surface. In the flame heat
release model, the flame heat release rate was assumed to be a function of the reaction process
variable and sign distance field only. The reaction process variable in the model was obtained
by solving the transport equation, and the sign distance field was obtained from G-equation. The
chemical table was built based on the results from DNS, where a two-step methane-air finite
chemistry model was used as the combustion mechanism. The equivalent ratio dependent flame
speed model was based on a series of one-dimensional simulations of methane-air flames using
detailed reaction mechanisms. The heat release model and the equivalent ratio dependent flame
speed model were then used to replicate the steady V-shaped flame in an open environment in
ROM and compared with the DNS solution. The model’s accuracy were guaranteed by the good
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agreement in the comparisons in terms of the flame shape. After that, the FTF and flame dynamics
behavior of the unconfined V-shaped flame and swirled flame under acoustic perturbation were then
predicted using ROM coupled with the proposed heat release model and equivalent ratio dependent
flame speed model, and compared with the DNS and experiment results. By comparing ROM
results with experimental measurements and DNS solution, it was found that the flame dynamics
predictions of ROM for both unconfined V-shaped flame and swirl flame were in good agreement
with the reference solution. However, the predicted gains curve for both the V-shaped flame and
the swirl flame deviate slightly from the reference solution at low frequencies. For unconfined
V-shaped flame, the numerical study of this work pointes out that the discrepancy between ROM
and reference solution was caused by the difference between the CFD setup and the true physical
environment of the unconfined combustion configuration. For the swirl flame, the main reason for
this discrepancy was that the effect of turbulence on the flame speed was not considered.

7.3

Main innovations
The main innovations of this work are:
A new base flow model-Pseudo base flow model is proposed in this work. Through the Pseudo

base flow model, more realistic flow field information can be introduced into the ROM, thus
allowing the ROM to replicate a more complexed steady flame topology and reproduce a more
accurate steady flame height. In addition, numerical studies show that the Pseudo base flow model
is able to introduce the influence of wall confinement effect into the ROM and obtain the steady
flame topology as the experiment.
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Another contribution is the use of the acoustic mode obtained by solving the Linearized NaiverStokes equation in the frequency domain as the perturbation field in the ROM. In this manner, the
distribution and amplitude of the acoustic modes in the combustion chamber can be accurately
predicted. By comparing the FTF results of ROM using a physically-consistent modulating flow
field and empirical models as the perturbation field, it is confirmed that physically-consistent
modulating flow field can more accurately reflect the acoustic field in the combustion chamber than
the currently widely used empirical model.
A heat release model applicable to premixed flame is developed in this work. By coupling
the heat release model with the ROM, the heat release rate variance on the flame surface can
be simulated, and the heat release rate can be used to characterize the flame surface. Also, the
application of ROM is extended from closed-type flames to open-type flames for the first time
using the proposed heat release model.

7.4

Future work
The acoustic-flame interaction is the most challenging issue faced by the combustion com-

munity. It involves multi-physical coupling, significant computation effort, strong nonlinear
interaction, and complex operating conditions. In order to efficiently and accurately study the
acoustic-flame interaction, in this study, a new flame kinetic-based ROM is developed, and the
acoustic-flame interaction in a variety of combustion configurations is studied based on this model.
The expected results are successfully achieved, but there are still some challenges that deserve
further investigation:
1. In the construction of the Pseudo base flow, an isothermal line needs to be selected as the
flame front. However, in the current study, the optimal isothermal line is not available, but
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only a suitable temperature interval is given T = Tu + 30 K (Tu is the temperature of unburnt
mixture). Therefore, in future research, an effort can be made to give the optimal isothermal
line directly by calculation from the perspective of first principles or optimization methods.
2. The ROM proposed in this work only considered the flame heat release disturbance directly
caused by acoustic-flame interactions, but not the flame heat release disturbance indirectly
induced by the equivalent ratio variation due to the acoustic modulation. In the future, the
DNS method can be employed to calculate the flame heat release rate at different equivalent
ratios, after that, the chemical table method proposed in this work and those solutions
obtained from the DNS can be used to establish and develop a chemical table for determining
flame heat release rate at different equivalent ratios. Then, this equivalent ratio dependent
heat release rate chemical table can be coupled with the proposed ROM to further improve
the model prediction accuracy and to establish a ROM that comprehensively describes
acoustic-flame interactions.
3. The flame speed model does not account for the turbulence effects in the proposed ROM.
However, most flames experience turbulent combustion, and the flame speed of turbulent
flames is much larger than laminar flame speed, which makes the laminar flame speed model
used in this ROM no longer conformal to the real physical phenomenon under turbulent
combustion. Therefore, in the following studies, the flame speed model can be extended
from laminar to turbulent, so that the proposed ROM can work more accurately in the
turbulent configuration.

131

REFERENCES

[1] D. Adalsteinsson and J. A. Sethian, “A fast level set method for propagating interfaces,”
Journal of computational physics, vol. 118, no. 2, 1995, pp. 269–277.
[2] C. Armitage, R. Balachandran, E. Mastorakos, and R. Cant, “Investigation of the nonlinear
response of turbulent premixed flames to imposed inlet velocity oscillations,” Combustion
and Flame, vol. 146, no. 3, 2006, pp. 419–436.
[3] C. A. Armitage, A. J. Riley, R. S. Cant, A. P. Dowling, and S. R. Stow, “Flame transfer
function for swirled LPP combustion from experiments and CFD,” Turbo Expo: Power for
Land, Sea, and Air, 2004, vol. 41669, pp. 527–537.
[4] M. Blanchard, T. Schuller, D. Sipp, and P. Schmid, “Response analysis of a laminar premixed
M-flame to flow perturbations using a linearized compressible Navier-Stokes solver,” Physics
of Fluids, vol. 27, no. 4, 2015, p. 043602.
[5] J. Cohen and T. Anderson, “Experimental investigation of near-blowout instabilities in a lean,
premixed step combustor,” 34th Aerospace Sciences Meeting and Exhibit, 1996, p. 819.
[6] L. Crocco, “Theoretical studies on liquid-propellant rocket instability,” Symposium (International) on Combustion, 1965, vol. 10, pp. 1101–1128.
[7] L. Crocco, J. Grey, and D. T. Harrje, “Theory of liquid propeliant rocket combustion instability
and its experimental verification,” ARS Journal, vol. 30, no. 2, 1960, pp. 159–168.
[8] F. Culick and P. Kuentzmann, Unsteady motions in combustion chambers for propulsion systems, Tech. Rep., NATO Research and Technology Organization Neuilly-Sur-Seine (France),
2006.
[9] A. Cuquel, D. Durox, and T. Schuller, “Scaling the flame transfer function of confined
premixed conical flames,” Proceedings of the Combustion Institute, vol. 34, no. 1, 2013, pp.
1007–1014.
[10] O. Desjardins, G. Blanquart, G. Balarac, and H. Pitsch, “High order conservative finite
difference scheme for variable density low Mach number turbulent flows,” Journal of Computational Physics, vol. 227, no. 15, 2008, pp. 7125–7159.

132

[11] F. Dinkelacker, A. Soika, D. Most, D. Hofmann, A. Leipertz, W. Polifke, and K. Döbbeling, “Structure of locally quenched highly turbulent lean premixed flames,” Symposium
(International) on Combustion. Elsevier, 1998, vol. 27, pp. 857–865.
[12] A. P. Dowling, “Nonlinear self-excited oscillations of a ducted flame,” Journal of fluid
mechanics, vol. 346, 1997, pp. 271–290.
[13] A. P. Dowling, “A kinematic model of a ducted flame,” Journal of fluid mechanics, vol. 394,
1999, pp. 51–72.
[14] S. Ducruix, D. Durox, and S. Candel, “Theoretical and experimental determinations of the
transfer function of a laminar premixed flame,” Proceedings of the Combustion Institute, vol.
28, no. 1, 2000, pp. 765–773.
[15] D. Durox, T. Schuller, and S. Candel, “Combustion dynamics of inverted conical flames,”
Proceedings of the Combustion Institute, vol. 30, no. 2, 2005, pp. 1717–1724.
[16] D. Durox, T. Schuller, N. Noiray, and S. Candel, “Experimental analysis of nonlinear flame
transfer functions for different flame geometries,” Proceedings of the Combustion Institute,
vol. 32, no. 1, 2009, pp. 1391–1398.
[17] T. Emmert, S. Bomberg, and W. Polifke, “Intrinsic thermoacoustic instability of premixed
flames,” Combustion and Flame, vol. 162, no. 1, 2015, pp. 75–85.
[18] C. R. Ferguson and J. C. Keck, “On laminar flame quenching and its application to spark
ignition engines,” Combustion and Flame, vol. 28, 1977, pp. 197–205.
[19] M. Fleifil, A. Annaswamy, Z. Ghoneim, and A. Ghoniem, “Response of a laminar premixed flame to flow oscillations: A kinematic model and thermoacoustic instability results,”
Combustion and Flame, vol. 106, no. 4, 1996, pp. 487–510.
[20] M. Fleifil, A. M. Annaswamy, Z. Ghoneim, and A. F. Ghoniem, “Response of a laminar
premixed flame to flow oscillations: A kinematic model and thermoacoustic instability
results,” Combustion and flame, vol. 106, no. 4, 1996, pp. 487–510.
[21] G. K. Giannakopoulos, A. Gatzoulis, C. E. Frouzakis, M. Matalon, and A. G. Tomboulides,
“Consistent definitions of “Flame Displacement Speed” and “Markstein Length” for premixed
flame propagation,” Combustion and Flame, vol. 162, no. 4, 2015, pp. 1249–1264.
[22] S. Gottlieb and C.-W. Shu, “Total variation diminishing Runge-Kutta schemes,” Mathematics
of computation, vol. 67, no. 221, 1998, pp. 73–85.
[23] D. Hartmann, M. Meinke, and W. Schröder, “The constrained reinitialization equation for
level set methods,” Journal of computational physics, vol. 229, no. 5, 2010, pp. 1514–1535.

133

[24] R. Kaess, T. Poinsot, and W. Polifke, “Determination of the stability map of a premix burner
based on flame transfer functions computed with transient CFD,” 4th European Combustion
Meeting. The Combustion Institute, Vienna, Austria, 2009.
[25] K. Kashinath, S. Hemchandra, and M. P. Juniper, “Nonlinear thermoacoustics of ducted
premixed flames: the influence of perturbation convection speed,” Combustion and Flame,
vol. 160, no. 12, 2013, pp. 2856–2865.
[26] K. Kostrzewa, Advanced computational methods in identification of thermo-acoustic systems,
doctoral dissertation, 2011.
[27] H. Krediet, Prediction of limit cycle pressure oscillations in gas turbine combustion systems
using the flame describing function, doctoral dissertation, University of Twente, Enschede,
2012.
[28] D. A. Lacoste, Y. Xiong, J. P. Moeck, S. H. Chung, W. L. Roberts, and M. S. Cha, “Transfer
functions of laminar premixed flames subjected to forcing by acoustic waves, AC electric
fields, and non-thermal plasma discharges,” Proceedings of the Combustion Institute, vol. 36,
no. 3, 2017, pp. 4183–4192.
[29] J. Li and A. S. Morgans, “Feedback control of combustion instabilities from within limit cycle
oscillations using H loop-shaping and the ν-gap metric,” Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences, vol. 472, no. 2191, 2016, p. 20150821.
[30] T. Lieuwen, “Modeling premixed combustion-acoustic wave interactions: A review,” Journal
of propulsion and power, vol. 19, no. 5, 2003, pp. 765–781.
[31] T. Lieuwen, H. Torres, C. Johnson, and B. Zinn, “A mechanism of combustion instability in
lean premixed gas turbine combustors,” J. Eng. Gas Turbines Power, vol. 123, no. 1, 2001,
pp. 182–189.
[32] T. C. Lieuwen and V. Yang, Combustion instabilities in gas turbine engines: operational
experience, fundamental mechanisms, and modeling, American Institute of Aeronautics and
Astronautics, 2005.
[33] G. H. Markstein, ed., Nonsteady Flame Propagation, AGARDograph. Elsevier, 2004.
[34] M. Matalon and B. J. Matkowsky, “Flames as gasdynamic discontinuities,” Journal of Fluid
Mechanics, vol. 124, 1982, pp. 239–259.
[35] N. Noiray, D. Durox, T. Schuller, and S. Candel, “A unified framework for nonlinear combustion instability analysis based on the flame describing function,” Journal of Fluid Mechanics,
vol. 615, 2008, pp. 139–167.
[36] S. Osher and R. P. Fedkiw, “Level set methods: an overview and some recent results,” Journal
of Computational physics, vol. 169, no. 2, 2001, pp. 463–502.
134

[37] S. Osher and J. A. Sethian, “Fronts propagating with curvature-dependent speed: Algorithms
based on Hamilton-Jacobi formulations,” Journal of computational physics, vol. 79, no. 1,
1988, pp. 12–49.
[38] P. Palies, D. Durox, T. Schuller, and S. Candel, “The combined dynamics of swirler and
turbulent premixed swirling flames,” Combustion and Flame, vol. 157, no. 9, 2010, pp.
1698–1717.
[39] P. Palies, D. Durox, T. Schuller, and S. Candel, “Nonlinear combustion instability analysis based on the flame describing function applied to turbulent premixed swirling flames,”
Combustion and Flame, vol. 158, no. 10, 2011, pp. 1980–1991.
[40] P. Palies, D. Durox, T. Schuller, P. Morenton, and S. Candel, “Dynamics of premixed confined
swirling flames,” Comptes Rendus Mecanique, vol. 337, no. 6-7, 2009, pp. 395–405.
[41] D. Peng, B. Merriman, S. Osher, H. Zhao, and M. Kang, “A PDE-based fast local level set
method,” Journal of computational physics, vol. 155, no. 2, 1999, pp. 410–438.
[42] T. Poinsot and D. Veynante, Theoretical and numerical combustion, RT Edwards, Inc., 2005.
[43] W. Polifke, A. Poncet, C. Paschereit, and K. Döbbeling, “Reconstruction of acoustic transfer
matrices by instationary computational fluid dynamics,” Journal of Sound and Vibration,
vol. 245, no. 3, 2001, pp. 483–510.
[44] L. Rayleigh, “The explanation of certain acoustical phenomena,” Roy. Inst. Proc., vol. 8,
1878, pp. 536–542.
[45] G. A. Richards and M. C. Janus, “Characterization of Oscillations During Premix Gas Turbine
Combustion,” Journal of Engineering for Gas Turbines and Power, vol. 120, no. 2, 04 1998,
pp. 294–302.
[46] D. E. Rogers and F. E. Marble, “A Mechanism for High-Frequency Oscillation in Ramjet
Combustors and Afterburners,” Journal of Jet Propulsion, vol. 26, no. 6, 1956, pp. 456–462.
[47] S. Sack, Experimental and Numerical Multi-port Eduction for Duct Acoustics, doctoral
dissertation, KTH Royal Institute of Technology, 2017.
[48] B. Schuermans, V. Bellucci, F. Guethe, F. o. Meili, P. Flohr, and C. O. Paschereit, “A detailed
analysis of thermoacoustic interaction mechanisms in a turbulent premixed flame,” Turbo
Expo: Power for Land, Sea, and Air, 2004, vol. 41669, pp. 539–551.
[49] T. Schuller, S. Ducruix, D. Durox, and S. Candel, “Modeling tools for the prediction of
premixed flame transfer functions,” Proceedings of the Combustion Institute, vol. 29, no. 1,
2002, pp. 107–113.

135

[50] T. Schuller, D. Durox, and S. Candel, “A unified model for the prediction of laminar flame
transfer functions: comparisons between conical and V-flame dynamics,” Combustion and
Flame, vol. 134, no. 1, 2003, pp. 21–34.
[51] B. Semlitsch, A. Orchini, A. P. Dowling, and M. P. Juniper, “G-equation modelling of
thermoacoustic oscillations of partially premixed flames,” International Journal of Spray
and Combustion Dynamics, vol. 9, no. 4, 2017, pp. 260–276.
[52] N. Shervani-Tabar and O. V. Vasilyev, “Stabilized conservative level set method,” Journal of
Computational Physics, vol. 375, 2018, pp. 1033–1044.
[53] W.-P. Shih, J. G. Lee, and D. A. Santavicca, “Stability and emissions characteristics of a
lean premixed gas turbine combustor,” Symposium on Combustion, vol. 26, no. 2, 1996, pp.
2771–2778.
[54] C.-W. Shu, “High-order finite difference and finite volume WENO schemes and discontinuous
Galerkin methods for CFD,” International Journal of Computational Fluid Dynamics, vol.
17, no. 2, 2003, pp. 107–118.
[55] D. A. Smith, S. F. Frey, D. M. Stansel, and M. K. Razdan, “Low Emissions Combustion
System for the Allison ATS Engine,” Turbo Expo: Power for Land, Sea, and Air, 1997, vol. 2.
[56] N. Swaminathan, G. Xu, A. Dowling, and R. Balachandran, “Heat release rate correlation
and combustion noise in premixed flames,” Journal of Fluid Mechanics, vol. 681, 2011, pp.
80–115.
[57] L. Tay Wo Chong, T. Komarek, R. Kaess, S. Fo¨ ller, and W. Polifke, “Identification of flame
transfer functions from LES of a premixed swirl burner,” Turbo Expo: Power for Land, Sea,
and Air, 2010, vol. 43970, pp. 623–635.
[58] H. Tsien, “The Poincare-lighthill-kuo method,” Advances in applied mechanics, vol. 4,
Elsevier, 1956, pp. 281–349.
[59] C. M. Vagelopoulos, F. N. Egolfopoulos, and C. K. Law, “Further considerations on the determination of laminar flame speeds with the counterflow twin-flame technique,” Symposium
(international) on combustion. Elsevier, 1994, vol. 25, pp. 1341–1347.
[60] J. F. van Kampen, Acoustic pressure oscillations induced by confined turbulent premixed
natural gas flames, doctoral dissertation, University of Twente, 2006.
[61] C. K. Westbrook, A. A. Adamczyk, and G. A. Lavoie, “A numerical study of laminar flame
wall quenching,” Combustion and flame, vol. 40, 1981, pp. 81–99.
[62] C. K. Westbrook and F. L. Dryer, “Simplified reaction mechanisms for the oxidation of
hydrocarbon fuels in flames,” Combustion science and technology, vol. 27, no. 1-2, 1981, pp.
31–43.
136

